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Abstract. — In this paper, we give a completely algebraic description of Nahm 
transform for parabolic Higgs bundles on P 1 . 
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Introduction 

Nahm transform is a non-linear analog of Fourier transform: Fix a closed 
additive subgroup A C R 4 and its dual A* C (R 4 )*. Given a A-invariant Her- 
mitian bundle with a unitary connection on R 4 satisfying the anti-selfduality 
(ASD) equations, and of finite energy on R 4 /A, Nahm transform produces 
a A*-invariant solution of ASD equations on (R 4 )* of finite energy on 
(R 4 )*/A*. Dimensional reduction identifies the A-invariant solutions of the 
ASD equations on R 4 with the solutions of the reduced equations on R 4 /A. 
Nahm transform has been studied extensively for different A C R 4 by various 
authors. M. Jardim's expository article [|Jar()4| is a good introduction to the 
topic with a comprehensive list of references. 

In this paper, we are interested in the case A = R 2 . Identify the quotient 
with the complex line C and denote its dual by C. Then, dimensional reduc- 
tion yields the equations of a holomorphic Higgs bundle with a Hermitian- 
Einstein metric on the complex line C. 

[Sza05| describes Nahm transform for parabolic Higgs bundles with a 
Hermitian-Einstein metric on CP 1 satisying some semisimplicity and ad- 
missibility conditions. These parabolic Higgs bundles have at most regular 
singularities in points at finite distance and an irregular (Poincare rank 1) 
singularity at the infinity. Then the Nahm tranform of a parabolic Higgs 
bundle (£, 9) is defined by following the steps: 

1. Construct an eigensheaf M b on an open subset U of P 1 x P 1 , 

2. Push M b by the projection tt : P 1 x P 1 -> P 1 , 

3. Choose the "right" extension £ of 7r*(M b ) to P 1 . 

Our approach here is to always work with projective surfaces rather than 
open surfaces. The main question treated in this work is how to define Nahm 
transform of stable parabolic Higgs bundles of degree solely using elemen- 
tary algebraic geometry. As our method is algebraic, we do not treat the 
Hermitian metrics. 

This method has several advantages: it is simpler, it allows one to compute 
some explicit examples, and it can be carried out under milder assumptions on 
the Higgs field than in the L 2 case. Although Nahm transform depends funda- 
mentally on the admissibility condition (Condition [U, we are able to remove 
the assumption on semisimplicity of the Higgs field. Also, the assumption on 
the order of the poles can be removed. 

Both authors are grateful to the Max Planck Institute of Bonn for the hos- 
pitality and excellent working conditions that allowed this work to be carried 
out. 
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1. Outline of the Paper 

First, in Sub section II . II explain the notation and the notions we use and the 
conditions under which our results hold. Then, in Sub section [L2] we describe 
briefly the contents of the paper. 

1.1. Notation. — Let X be a projective scheme over a field K. Given a 
birational morphism to : X' — > X, denote the total and proper transforms of 
a Cartier divisor P by co*P and cu*P respectively. 

Given a global section t of a line bundle L on X, denote the vanishing locus 
of tby (t). 

Let P be an effective Cartier divisor on X. Denote 

- P x (0 © 0(-P)) := Proj(Sym'(0 © 0(-P)) v ) by Z p , 

- the structure morphism by n P : Z 9 — > X, 

- the relative hyperplane bundle by 0zp(1), 

- the canonical section of O^p(l) by ?/ P , 

- the canonical section of 0zp(1) © 0(P) by x P , 

- the automorphism acting on Z v by (x P , y P ) i— > (— x P , y P ) by (—1) z p. 

We refer to the divisor (y P ) as the infinity section and the divisor (x P ) as the 
zero section of Z p . 

Definition 1.1. — A Higgs sheaf (£, 6) on X (with polar divisor Pj consists 
of a coherent sheaf £ on X and a homomorphism 6:8.^ £(P)- 

A Higgs sheaf on a projective scheme X determines a unique coherent 
sheaf M p on the surface Z p so that dimM p = dim£, SuppM p n (y P ) = 
and 7r P *M P = £(?)• The sheaf M p is called the eigensheaf corresponding to 
the Higgs sheaf (£, 9). The support of M p is the spectral scheme. The sheaf 
M p fits into an exact sequence 

£ n9 - £(P) © Ozp(l) M p . 

Let 

7r H (£,#) :=M P . 

Conversely, let the Higgs bundle 9 : £ — » £(P) be the push-forward of the 
following sequence by n P 

Id M ©x P : M(-P) M © Z p(l). 

Denote (£, 9) by ir H (M, x P ), or simply by ir H (M). It is clear that n H and %h 
are quasi-inverses. The correspondence extends to parabolic objects (see Def- 
initions |X3 an d EHJ in a straightforward manner. We coin this construction 
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as the standard construction and the resulting objects as the standard eigen- 
sheaf, the standard spectral cover etc. 

Given a parabolic Higgs bundle (£., 9) on P 1 , define H := ker(£ — ► 
coker 9(— P) P ). The results of Sections ITOl and ITTI hold under the following 
admissibility condition for the parabolic structure: 

Condition 1. — For any polar point p G P, the Higgs bundle (£, 6) satisfies 
one of the following conditions: 

- a (£ p ) > and £ p = £F p , or 

- a (£ p ) = and i*i£ p = im(3p — ► £ p ). 

Let M p and N F be the eigensheaves corresponding to £ and H on Z v . Re- 
call that N p := ker(M p — ► M p +), where T+ = tt*(P) n (a? P ). Then Condi- 
tion [T] is equivalent to 

Condition 2. — For any point p6P and t e T + above p, the eigensheaf M 
satisfies one of the following conditions: 

- M p has only positive weights along the fiber it*{p) and M^*^ = N n *( p y 
or 

- is a weight for M p and the support of the 0-weight space is the point 
t. 

1.2. Results. — The paper is organized along the following lines: in Section 
El we give an overview of the conditions and results of [Sza05] which are most 
often referred to in the present paper. 

In Section |3J we recall the notions which will be used throughout the 
paper: pure sheaves of dimension 1, parabolic sheaves, parabolic Euler- 
characteristic, degree and stability of parabolic sheaves; and prove some of 
their properties. 

In Section |4j we define an iterated version of blow-up maps for non- 
reduced zero-dimensional subschemes. This will be essential for the general- 
ization of Nahm transform to Higgs bundles with higher-order poles. 

In Section|5l analogous to the proper transform of a divisor with respect to 
a blow-up, we introduce the proper transform of a coherent sheaf 'with respect 
to a blow-up of a closed point. We study properties of the proper transform 
for 1 -dimensional pure sheaves on surfaces. For such sheaves, proper trans- 
form is related to Hecke transforms of locally free sheaves. In particular, for 
such sheaves, proper transform is a quasi-inverse of the direct image (Lemma 
15 . 1 1ft . and it preserves the Euler-characteristic (Lemma 15.1 31) . We also give 
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a parabolic version of the proper transform, and prove that it preserves the 
parabolic Euler-characteristic (Subsection l5.2l) . 

In Section we define two operations to modify the divisor of parabolic 
sheaves: Deletion along E removes an effective subdivisor E of the parabolic 
divisor, whereas addition along E appends an effective divisor E to the 
parabolic divisor. Under an assumption (is equivalent to [l]), these oper- 
ations are inverse to each other. Moreover, they preserve the parabolic 
Euler-characteristic (Proposition l6.2l ). 

In Section|7J we introduce what we call the spectral triples, consisting of a 
smooth surface, an effective divisor on it, and a rank-one torsion-free sheaf on 
the divisor satisfying some properties. Notice that the operation -k h associates 
to a given Higgs bundle a spectral triple (Z p , Supp(M p ), M p ). We shall call 
this spectral triple the standard spectral triple associated to the Higgs bun- 
dle. On the other hand, there exists another way of defining a spectral triple 
(Z°, Supp(M°), M°) where the surface is Z° = P 1 x P 1 : we call this the 
naive spectral triple. The surfaces Z p and P 1 x P 1 are related by a series 
of elementary transformations. Let Z be the resolution of indeterminacies of 

Z° ► Z p . Then, we show that the proper transforms of M p and M° agree 

on Z (Proposition 17 .71 ) . 

In Section [U we construct Nahm transform of parabolic Higgs bundles on 
the projective line as a composition of the operations introduced up to this 
point. The starting point is the diagram 

(1) Z int 




Z p P 1 x P 1 Z p 




pi pi 



(see (l34l) N ). Here the maps p p and are blow-up maps, and Z mt is called the 
intermediate spectral surface. Starting from a 1 -dimensional parabolic sheaf 
M p on Z p , Nahm transform produces a 1-dimensional parabolic sheaf M p on 
Z p by the formula: 

Ml » (-l)| ? Mr = (-l)|p(Pp)*Add s+ Del E+ (p P ) # (M. p ). 

From right to left, this formula reads as a proper transform with respect to p p , 
deletion along a divisor E + , addition along a divisor E + , push-forward with 
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Pp, and pull-back with respect to the fiberwise (—1) multiplication. Here, E + 
and E + are suitably chosen divisors related to the birational morphisms p p and 
/Op respectively. Theorem [83] shows that our construction generalizes that of 
[SzaQll. 

In Section |9j we describe two examples in which we use our method to 
compute the transformed Higgs bundle explicitly. These examples are beyond 
the scope of [Sza05 1. The first example features a Higgs field with a nilpotent 
residue, whereas the second one a higher-order pole. 

Section [lOlprovides a geometric proof of the fact that the transformation is 
involutive up to a sign. 

In Section[TTl we study the map induced by Nahm transform on the moduli 
spaces of stable Higgs bundles of degree with prescribed singularity be- 
haviour. First, we compute the dimension of these moduli spaces (Lemma 
II Lit . Then, we show that Nahm transform preserves the parabolic degree, 
and for Higgs bundles of degree 0, it preserves stability (Lemma ll 1.3I) . Fi- 
nally, in Corollary II 1.41 we prove that Nahm transformation induces a hyper- 
Kahler isometry between the corresponding moduli spaces. 



2. An Overview of analytic Nahm transform 

In this section, we give a summary of the results of [Sza05| relevant for the 
present paper. 

Let P = {pi, . . . ,p n } be a finite set in P 1 composed of distinct points at 
finite distance, £ be a rank r holomoprhic vector bundle on P 1 and 

6 : £ — ► £ ® Opi(P) 

be a holomorphic map (called the Higgs field), where Opi (P) is the sheaf of 
meromorphic functions with at most simple poles in the points of P and no 
other poles. We assume that in any pj E P the Higgs field has semi-simple 
residue: in the standard holomorphic coordinate z of C and in a convenient 
holomorphic trivialization {e{, . . . , e J r } of £ in a neighborhood of pj it can be 
written 



(2) 



9 = B 3 + 0(1), 

z-pj 
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where 0(1) stands for holomorphic terms and 



(3) 



is a diagonal matrix (the residue of 9 in pj) with all the X 3 k for Tj < k <r non- 
vanishing and distinct. We suppose furthermore that an compatible parabolic 
structure is given in pf this simply means the data of real numbers = a[ = 
. . . = a J r . < a J r . +1 < . . . < a 3 r < 1 called parabolic weights. Here, the 
condition = a{ — . . . — a J r . is an extra condition of admissibility. For any 
a G [0, 1[ we then define the space 3 r Q ,£ P3 to be the subspace of the fiber £ Pj 
of £ in pj spanned by the e J k (pj) such that a 3 k > a; this gives a finite filtration 



(4) 



{0} - ^ifip^. c S^jfip, c • • • c H aj 8, Pj c %E Pj - £ 



pj 



of the fiber. An alternative way to define a parabolic structure at a singularity 
on a Higgs bundle is to say that the holomorphic vector bundle has a parabolic 
structure (i.e. a filtration as above and parabolic weights) in the singularity, 
and the Higgs field is compatible with the parabolic structure in the sense that 
its residue endomorphism in the puncture is the sum of its induced endomor- 
phisms on the graded vector spaces of the parabolic filtration. 

At infinity, we suppose that 9 is holomorphic, such that its Taylor series 
written in the local coordinate z~ x and some holomorphic trivialization of £ 
near infinity 



(5) 



1 1/1 

9 = -A + B 00 - + 0[- 
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satisfy that the constant term A is diagonal with eigenvalues £ 1; 
multiplicity possibly higher than one 

A* \ 



of 



(6) 



A 



\ in) 

and the first-order term is also diagonal (in the same trivialization) 



(7) 



\oo 
A ai 



\ oo 



V 



, . . . , A^ +i } correspond to the basis vectors 



Here the eigenvalues {A^_ a; , . . . , 
spanning the ^-eigenspace of A (where we have put a = 0). We make 
the assumption that for a fixed 1 < I < n, none of these eigenvalues 
{A^ a; , . . . , A^ +i } vanishes and they are all distinct. We suppose that a 
parabolic structure is given in this singularity as well: that is, we are given 
parabolic weights < < 1 for A; = I,. . . ,r, arranged in such a way 
that inside one block a>i < k < a l+ i they form an increasing sequence, and 
a corresponding filtration S^Soo for a E [0, 1] of the fiber of £ over infinity, 
spanned by the basis elements having parabolic weight > a. A sheaf £ with 
a parabolic structure will often be denoted by £.. 

Remark 2.1 . — Multiplication by the globally defined meromorphic 1-form 
dz associates to 6 an endomorphism-valued meromorphic 1-form that has a 
double pole at infinity because the form dz does. Therefore, we will often 
call A/ 2 the second-order term and and B^ the residue of 9 at infinity. Also, 
a holomorphic vector bundle with a parabolic structure in P U {oo} will be 
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called parabolic vector bundle; if moreover a compatible Higgs field is given, 
then we will call it a parabolic Higgs bundle. 

Denote by deg(3 r ) the usual algebraic geometric degree of a holomorphic 
vector bundle 3 r . It is clear that a subbundle J (or quotient bundle Q) of a 
parabolic vector bundle £ also admits an induced parabolic structure by inter- 
secting with 5F the terms of the filtration of £, and assigning the biggest of the 
weights to all filtered terms that become isomorphic after taking intersections 
with 3\ 

Definition 2.2. — The parabolic degree of £. is the real number par — 
deg(£.) = deg(£) + J2je{i,...,n,oo} ELi a i- The parabolic slope oft, is the 
real number par — /u(£.) = par — deg(£.)/r/c(£). Finally, (£., 9) is said to 
be parabolically stable if for any subbundle 3. invariant with respect to 9 with 
its induced parabolic structure, the inequality par — /u(3 r .) < par — /i(£.) 
holds. 

Suppose in all what follows that (£, 9) is not the trivial line bundle (Dpi 
together with a constant multiplication map. Denote by C the dual line of 
C (another copy of C), and by P 1 the dual sphere, the compactification of 
C by the point oo. By [Sza05|, the Nahm transform of a stable parabolic 
Higgs bundle (£.,#) of parabolic degree is then a parabolic Higgs bun- 
dle (£.,9) on P 1 , with regular singularities (i.e. 9d£ having simple poles) 
in the set P = {£i, . . . , and an irregular singularity (i.e. (9d£ having a 
double pole, therefore 9 being holomorphic) at infinity. Also, the transform 
of a Hermitian-Einstein metric on (£., 9) is a Hermitian-Einstein metric on 
(£., 9); in particular, this latter is poly-stable. We sketch the idea of the con- 
struction of the transform. First, introduce a twist of the Higgs field: for any 
£ e C set 

% = 9 - ^Id £ 

where Id £ is the identity bundle endomorphism of £. Consider now the open 
spectral curve £ b in (C \ P) x (C \ P) defined by 

S b = {(^,OI det(0{)(z)=O}. 
In other words, denoting by 7r b (respectively 7? b ) the projection on C \ P (re- 
spectively C \ P) in the product (C \ P) x (C \ P), this curve is the support of 
the cokernel sheaf M b of the map 

% : (7r b )*£ — ► (7T b )*£. 
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Propositions 4.7, 4.15 and 4.24 together with Lemma 4.30 of [Sza05| give an 
interpretation of the transform on an open set. 

Theorem 2.3. — The Nahm transformed Higgs bundle restricted to C\P can 
be obtained as follows: 

— the holomorphic bundle £ is the pushdown n^M^ endowed with its in- 
duced holomorphic structure; we denote its rank by r 

- on the open set of £ £ C \ P over which the fiber ofY^ consists of dis- 
tinct points { 2i (£),... , £?(£)} of multiplicity 1, the transformed Higgs 
field 6 acts on the subspace cokei(9^(z k (^))) C £|g as multiplication by 
—Zk(£)/2; this then admits a unique continuation into points where the 
fiber has multiple points. 



This description then gives an understanding of the behaviour of the Higgs 
field near a point of P and near oo: we only have to understand the behaviour 
of the open spectral curve near these points. Because of the special form of 9 
in the singularities, we deduce that the eigenvalues of the transformed Higgs 
field have indeed simple poles in the points of P, and are bounded near oo. In 
different terms, this defines a natural compactification S° C P 1 x P 1 of S b . 
Moreover, we gain precise information about its asymptotic expansions near 
these points: namely, near a point £z £ P the residue of the transformed Higgs 
field in a convenient trivialization of the transformed bundle is equal to 

(° \ 



\ oo 

V Kj 

in other words it is the direct sum of the opposite of the residue of the original 
Higgs field at infinity restricted to the ^-eigenspace of the leading term and a 
0-matrix (Theorem 4.32 of [Sza05|); whereas its leading term at infinity in a 
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convenient trivialization is 

(P\ 



Pi 



Pn 



V Pn) 

each pj appearing with multiplicity rk(res(9,pj)) = r — r,, and the corre- 
sponding first-order term in the same trivialization is then 



A r n +1 



V KJ 

(Theorem 4.33 of |Sza05|). In particular, we deduce the formula 

n 

(8) r — s y^ j rk{res{9,pj)). 

j=i 

Therefore, we see an intricate interplay between singularity behaviour at the 
regular singularities and the one at the irregular singularity. 

Afterwards, we use the extensions of £ over the singularities to define an 
extension M° of M b to the compactified spectral curve S°. These in turn 
induce an extension £^ nd of £ into a holomorphic bundle endowed with a 
parabolic structure in each point of P U {oo}, which we call the induced exten- 
sion (c.f. HSzaOSI . Section 4.4). By definition, a local holomorphic section of 
this extension has a Z^'-harmonic representative obtained from a local section 
of the cokernel sheaf M° multiplied with a bump-function of constant height 
concentrated near the spectral points of £, such that the diameter of their sup- 
port converges to up to first order near the points £j and to oo near oo also 
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up to first order. Next, we compute the parabolic weights of these exten- 
sions with respect to the transformed Hermitian-Einstein metric: for a point 
(i G P the non-zero weights are equal to ct^ +ai — 1, ... , — 1; whereas the 
weights at oo are equal to a). i+1 — 1, . . . , a\ — 1, . . . , — 1, . . . , a™ — 1 
(c.f. [Sza05|, Section 4.6). In particular, all the non-zero weights violate the 
requirement that they be between and 1: they are actually shifted by — 1. 
Therefore, in order to get a genuine parabolic Higgs bundle on P 1 , we have 
to change the induced extension at oo by a factor of and the extension 
of the basis vectors corresponding to non-zero eigenvalues of the Higgs field 
at the logarithmic singularities by factors of (£ — The result we obtain 
this way is called the transformed extension, and denoted £ ir (c.f. [Sza05|, 
Section 4.7). Finally, an application of Grothendieck-Riemann-Roch theorem 
yields the degree of the transformed holomorphic bundle on P 1 with respect 
to the transformed extensions: 

(9) par - deg(££ r ) = par - deg(£.). 



3. Basic Material 

Fix a projective scheme X over a field K with an ample invertible sheaf 
Ox(l)- For a given coherent Ox-module £, the support of £ is the closed set 
Supp(£) = {x E X\ £ x 7^ 0}. Its dimension is called the dimension of the 
sheaf £ and is denoted by dim(£). 

Definition 3.1. — A coherent sheaf 8, of x -modules on X is pure of dimen- 
sion d z/"dim(9 r ) = dfor any nontrivial subsheafJ of £. 

Definition 3.2. — A subsheafJ of a pure d-dimensional sheaf £ is saturated 
if ' £/ "5 is either or pure of dimension d. 

Equivalently, £ is pure if and only if the associated points of £ are all of the 
same dimension. 

Definition 3.3. — For a given coherent sheaf 8 on X, the Euler characteristic 
is defined to be x(£) = J^So ( — 1)* dim fc H l (X, £). The Hilbert polyno- 
mial -P(£) ofE is defined by P(£, m) := x(E ® O x {rn)). 

Let D be a Cartier divisor on X. Suppose £ is a pure sheaf of dimension d 
and dim(D n Supp £) < dim Supp £, then £ ® Ox{— D) — > £ is injective. 
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Definition 3.4. — Let £ and D be as above. A triple (£, F.£, a,) is called 
a parabolic sheaf on X with parabolic divisor D and weights a, if F.£ is a 
filtration of £ by coherent subsheaves Fj£ so that £(— D) = -F) +1 £ C F;£ C 

• • • C F 2 £ C Fi£ = £ and a, is a sequence of real numbers < «i < a 2 < 

• • • < ai < 1. Set grf £ := F£/F i+1 L 

One can view grf £ as coherent sheaves on D n Supp(£). 

Definition 3.5. — Let D 1 be an irreducible component ofD such that for any 
other irreducible component D' one has T) 1 D D' n Supp £ = 0. We say that the 
parabolic structure is trivial on Di if grf £| Dl = for all i > 1 and a± = 0. 

Definition 3.6. — Let £ and D &e as before. The pair (£,£.) w an R- 
parabolic sheaf on X if £. = {£«} w a collection of coherent sheaves 
parametrized b y a G R satisfying the following properties: 

1. £o = £, 

2. For all a < f3, is a coherent sub sheaf of Z a , 

3. For all a and small e > 0, £ a _ e = £ a , 

4. For all a, £ a+ i = £ Q (— D). 

Set grf := 8, a /E, a+£ for small e > 0. 

Parabolic sheaves and R-parabolic sheaves are equivalent: To see this, set 
ai + i = 1 and a := ai — 1. For any real number a, let ? be the unique 
integer so that a^i < a — [a\ < where [a\ is the largest integer with 
[a\ < a. Set £ a := Fj£(— [ajD). Conversely, given an R-parabolic sheaf 
£., inductively choose < < 1 for % = 1, . . . , / so that E ai properly 
contains fi^ for any ft > Set Fj£ := £ Qj and = £(— D). The 
resulting triple (£,F.,a.) is a parabolic sheaf on X. Therefore, when the 
(R-)parabolic structure of a sheaf £ is clear from the context, we will write 
£. for the pair (£, £.). 

Definition 3.7. — Given two parabolic sheaves £'. and £., an Ox-module 
homomorphism ip : £' — > £ ?'s a parabolic homomorphism ifip(E' a ) C £ a /or 
a// rea/ numbers a. For £ a parabolic sheaf and £ a sub sheaf endowed with 
a parabolic structure, we say that £^ zs a parabolic subsheaf z/^/ie inclusion 
is a parabolic homomorphism. 

Definition 3.8. — Given a saturated subsheaf £' of a parabolic sheaf £., z7ze 
induced parabolic structure md £' # on £' z's defined as md t' a := £' fl 8> a for all 
a e R 
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Remark 3.9. — The induced parabolic structure for a given saturated sub- 
sheaf £' is the largest among the parabolic structures £'. which make £' into 
a parabolic subsheaf of £.. As a consequence, it suffices to consider the 
saturated subsheaves of a parabolic sheaf £, with their induced parabolic 
structures to measure the stability of t 9 . 

Definition 3.10. — The parabolic Euler characteristic of a parabolic sheaf 
£. is defined as follows: 

i 

(10) par- X (£.) := *(£(-D)) + ]T a lX (gr? £) 

i=l 

If X is a curve, then the parabolic degree oft, is defined as: 

i 

(11) par - deg(£.) := deg(£) + ctj dim(grf £) 

i=i 

One can check that par — x(£.) = f} x(£«) da (see [Yok93]). 

Proposition 3.11 . — The parabolic Euler characteristic is additive: Given 
any short exact sequence 

— ► £'. — ► £. — > £'.' — ► 

of parabolic sheaves with the same parabolic divisor D, the identity 
par- x(£.) =par-x(£'.) + par - x(K) 

holds. 

Proof. — Recall that a sequence of parabolic sheaves is said to be exact if 
for all a E R the induced sequence on the a-filtered terms is exact. Taking 
a = —1, we see that 

— ► £'(-D) — ► £(-D) — > £"(-D) — ► 

is exact. By additivity of the usual Euler characteristic, x(^(~ D)) = 
x(£'(~ D)) + x(£"( — ^))- O n m e other hand, the snake lemma implies that 
for any a E R the induced sequence on the a-graded pieces 

— ► gr^ £' — , gr^ £ — » gr^ £" — ► 

is also exact. The statement follows by applying additivity of % to these se- 
quences. □ 

Definition 3.12. — Given a parabolic sheaf 8., and L a line bundle, define a 
parabolic structure onZ® Lby setting (£ cg> L) a := E a ® Lfor all a E R. 
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When L = 0(D), this definition of the parabolic structure of £(D) is to 
some extent unnatural from the analytic point of view: indeed, the behaviour 
of a fixed harmonic metric on local sections of £(D) is not the same as on local 
sections of £, but changes by a factor of \z\~ 2 where z is a local coordinate 
centered at D. However, we have two reasons to choose this convention: first, 
the proposition above which says that the parabolic Euler characteristic is ad- 
ditive if the weights of all parabolic sheaves are in the same interval; second, 
for any parabolic Higgs sheaf (£, 9) (see the definition below) with divisor D, 
this definition makes 9 : £ — > £(D) a morphism of parabolic sheaves. 

On a smooth projective curve X, parabolic Euler characteristic and 
parabolic degree are related as follows: 

Proposition 3.13. — If £ is a parabolic sheaf on a smooth projective curve 
X, then 

par — deg(£(D)) = par — deg(£) + rdegD, 
par - X (£(D)) = par - deg(£) + r X (0 x ). 

Proof. — The first formula follows by definition, because the jumps a» of the 
parabolic structures of £ and £(D) are the same, and the graded pieces of the 
filtration corresponding to each a,i are isomorphic. 

The second follows from Riemann-Roch and the isomorphism of the 
graded pieces: 

i 

par - X (£(D)) = X (£) + £ a iX (grf £(D)) 

i=\ 

i 

= deg(£) + r X {0x) + ^ a iX (gr( £) 

i=i 
i 

= deg(£) + r X (Q x ) + ai dim (g r * F £ ) 

i=l 

because the grf £ are supported on the O-dimensional subscheme D. □ 

Definition 3.14. — A Higgs sheaf {£,9) consists of a coherent sheaf £ on 
X together with a Ox-module homomorphism 9:8,^ £(D). The resulting 
Q(p)-valued endomorphism 9 is called a Higgs field. A parabolic Higgs sheaf 
(£., 9) with divisor D consists of a parabolic sheaf £. on X with divisor D 
and a parabolic homomorphism 9 : £. — > £.(D). A homomorphism of Higgs 
sheaves^ : {V-,0 1 ) — > (£ 2 ,# 2 ) is homomorphism of sheaves if) : fi 1 — > £ 2 
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commuting with the Higgs fields: (ip £g> 1) o 9 1 = 9 2 o tp. A homomorphism of 
parabolic Higgs sheaves is a homomorphism of Higgs sheaves respecting the 
parabolic structure. 

A (parabolic) Higgs subsheaf of £ is defined in the obvious way: it is a 
(parabolic) subsheaf preserved by the Higgs field. 

Remark 3.15. — Starting from Section^ we will consider Higgs sheaves on 
X = P 1 with polar divisor P and parabolic divisor D = P + oo. In terms of 
Definition ^. 14\ these objects are defined as Higgs sheaves with polar divisor 
D with an apparent singularity at oo. In other words, the Higgs field, as a ra- 
tional section with values in P, extends regularly at oo. We take Z v as standard 
spectral surface for a Higgs sheaf with polar divisor P and parabolic divisor 
D. It would also be possible to work with the surface Z D - these two surfaces 
are related by an elementary transformation over the infinity. However, we 
work with Z 9 because the poles of the Higgs field are already contained in P. 

Definition 3.16. — A parabolic (Higgs) sheaf £ . is said to be semistable if 
for any given proper parabolic (Higgs) sheaf 3. C £„ par — p(9 r ., m) < 
par — p(£.,m) for large m. The (Higgs) sheaf £. is said to be stable if 
for all proper parabolic (Higgs) subsheaves 3". C £., par — p(J,,m) < 
par — p(£,, m) for large m. 

3.0.1. — The standard construction described in Section fl~T1 adapts to the 
parabolic case as well. A parabolic Higgs sheaf 9 : £. — > £.(P) with 
parabolic divisor D determines a parabolic sheaf Ml on Z p with parabolic 
divisor 7r£(D), with 7r P *M£ = £(P) a for any a e R and Supp M. p n (y P ) = 0. 
Write tt h (£., 9) for M\ and n H (Ml) for (£., 9). 

3.0.2. Automorphism (—1). — If M corresponds to the Higgs sheaf 9:8,^ 
£(P), the pullback (— 1)|pM corresponds to — 9 : £ — > £(P). We formalize 
this for parabolic Higgs sheaves as well as Higgs sheaves: 

Lemma 3.17. — 



3.1. Commutative Algebra. — Let A be a local ring with maximal ideal m. 
For any A-module M, the depth of M is defined as 

depth(M) := mm{i : Ext l A (A/m, M) ± 0} 



n H (-iy ze n H (e,9) 



7r H (E.,-9). 
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and the homological dimension dim(M) is defined as the minimal length of 
a projective resolution of M. 

The Auslander-Buchsbaum formula relates the two invariants: 

dh(M) + depth(M) = depth(A). 

If A is a regular local ring, then depth(v4) = dim(v4). 

Corollary 3.18. — Let Abe a regular local ring of dimension 2, M a torsion 
A-module with dh(M) = 1. Then, any submodule M' of M is a torsion 
A-module with dh(M') = 1. 

Proof. — Any submodule M' of M is torsion, therefore not locally free and 
dh(M') > 1. Since depth(M) = 1, 

Ext° A (A/m, M') c Ext° A (A/m, M) = 0. 

Consequently, depth(M') > 1. By Auslander-Buchsbaum equality, 

dh(M') = depth(M') = 1. 

□ 

Lemma 3.19. — Assume X is a smooth projective surface. For a coherent 
sheaf M on X , the following are equivalent: 

1. M is pure of dimension 1, 

2. M is a torsion sheaf with dim(M x ) = Ifor all x G X, 

3. dh(M x ) = depth(M x ) = 1 for all x e X. 

Moreover, any sub sheaf of a given pure sheaf M of dimension 1 is also pure 
of dimension 1. 

Proof. — Apply Cor QUE and Prop. 1.1.10 HHL97I . which in this particular 
case, states that a coherent sheaf M of dimension 1 is pure if and only if 

depth(M x ) > 1 for all x e X. □ 

4. Iterated Blow-Ups 

A sequence of infmitesimally near points (po, ■ ■ ■ ,p n ) on X is defined re- 
cursively as follows: Let X := X and po E X . By ujj : Xj — > Xj-u 
denote the blow-up of X,_i at Pj-i, the exceptional divisor uj (jPj-i) by Ej 
and let pj be a point in for j = 1, . . . , n. By abuse of notation, denote the 
total transform of the exceptional divisor in X n still by Ej for j = 1, . . . , n. 
For 1 < j < n, set 



(12) 



Cj :— Ej Ej +1 . 
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The curve C, is a (— 2)-curve on X n . 

Definition 4.1. — We call a zero dimensional closed subscheme T of a 
smooth (projective) surface X linear if for each p G T re d, one can find 
u,v G mx,p and positive integer n so that 

m x , P = (u,v)O x ,p and d T , P = (u n ,v)O x , P - 

For p G T red , the integer n is uniquely determined and is equal to the length 
of T at p, dim fc (Ox, p /Jr,p)- Denote this integer by n p . The total length N of 
T equals the sum ^ n p . 

An irreducible linear subscheme T of local length n + 1 with closed point p 
determines a sequence of infinitesimally near points (p , • • • , Pn) with p = p 
as follows: Let 

- Po -=P, 

- D := (u n - v), 

- T)j := ufVj-x and 

- pj be the unique intersection point of Dj with for j = 1, . . . , n. 

The divisor D is a smooth curve, thus so are all Dj for j > 0. Because 
mult P0 D = 1, it follows that D, ■ Ej = 1, i.e. the intersection of Dj and Ej is 
unique point, say pj, for j > 0. 

We call the surface X n the iterated blow-up of X at T and denote it by 
ujt '. F-Bly J^T — > X . 

Enumerate the components of a linear subschemes as T 1? . . . , T m . Then 
define the iterated blow-up of X at T to be 

F-B1 T X := F-Bl Tl X x x ■ ■ ■ x x F-Bl Tm X 

and uj t '■ F-Bly X — >■ X be the corresponding morphism. 

Clearly, F-B1 T X and uo T do not depend on the enumeration chosen. How- 
ever, we need the enumeration for better record keeping: Denote the closed 
point of T corresponding to T« by pi and add the subscript i in front of previ- 
ously written subscripts for the related data, thus making them p^-, E^-, for 
appropriate values of j. 

4.1. Formulas for Exceptional Divisors. — Each leg of the following di- 
agram is an iterated blow-up. To keep the notation simpler, assume that 
D = n ■ pt for some n > and replace D with n in notation, making Z D 
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into Z n etc. 



Z° *■ Z n 

In order to construct this diagram, one has to fix a global section s of 0(D) so 
that D = (s). All such divisors differ by non-zero multiple. Let u be a global 
section of 0(pt), without loss generality assume that s = u n . 

Given divisor in Z° or Z n , denote its total transform in Z by the same 
letter. Attach a superscript +/— to divisors related to r\ n and rj respectively. 
Denote the fiber class by F on any of the surfaces Z°, Z n and Z. Moreover, 
set 

(13) C± := F-Ef, 

(14) C± := E±. 

Recall that 

(15) Cf = Ef-Ef +1 for j = l,...,n-l. 
Then, 

(16) F = E+ + E- for j + k = n + l, 

n n 

(17) F = £C--^C-. 

i=0 i=0 

Denoting the linear equivalence of divisors ~, we see that 

(18) X ~ Y , 

(19) X n ~ Y„ + n-F. 

The formulae below relate various (exceptional) divisors. 
Lemma 4.2. — 

(20) 



Xo 


— x n 










Y n 


= Y 


n 

-E E 7 






J'=l 


c 7 


= C+ 





(21) 

(22) C7 = C+ • for j = 0,...,n 
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This table summarizes various relations: 



(23) 





E- 


= c- 


= 


= F 






i-E; 


= £ n -i 


= c+ 


= E+ 


-E+ 




-E2 


= cr 


= 


= K- 


- E+ 

1 


F 


-Er 


= c - 


= c+ 




E + 



We switch from the additive notation of divisors to multiplicative notation 
of line bundles and sections: Let F be the fiber above pt, i.e. it is cut out 
by the equation u = 0. Denote the section corresponding to divisor by the 
same letter in small case, i.e. x is the section which cuts the divisor X . Set 
Cj = Cf . The equality F = now becomes u = Y[q Q. 

Given a Higgs bundle 9 : £ — > £(D), the eigensheaf M D on Z D equals 
coker(x n - y n 6). We want to relate M D to M° on Z°. The sheaf M° is 
defined by using sx — y 9. We relate sx — y$ to x n — y n 6. 



sx - y = u n x - y 

n 

= (Yl e j)( X n-ynd) 



1 

n-1 



(24) = (Hcr^Xn-yJ) 



For < k < n, 



n 

x n = (JJe+)x 
1 

n 

= (ik +i_ >o 
i 

gcd(x n ,u k ) = c\c\---c k k _\c k k ---c k n 



(nej)god(x B ,«*) = c n ■ ■ ■ c n k c n k ~l 



- i, k (r n - k ■ ■ . r n - k r n ' ( - k+1 ^ . ■ ■ r 1 \ 

— u \ c c k c k+l c n-lJ- 

For i = 1, . . . , r, let fcj be the largest power of u to divide all the elements 
of the ith row of 9. Set P, Q, R to be diagonal matrices whose ith diagonal 
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entries are respectively 







P 




Qii 






n-k 


n- k n-(k+l) 




u h 


Ac 2 ■ ■ ■ r k ~ l r k ■ 


■c k 


(25) 




' c fc H+i 


' C ri-l 


II 


c l c 2 c k-l c k 








e i ■ ■ ■ e r 




u k 


et-et 





for k = hi and I = n — k. Then, 



Lemma 4.3. — 

n 

(26) P-Q = (\\eJ)R. 



5. Proper Transform of Sheaves 

Fix a point x G X. Denote the blow-up of X at x by uo : X* — ► X and 
the exceptional divisor by E. 

Let T denote the zero dimensional subscheme corresponding to x. 

For a given coherent sheaf H on X, we call the pullback uo*^ the total 
transform of 3\ Let 

J E :=T ori °* # (u;*J, X #(E) E ). 
9* coincides with the subsheaf of sections of u*^ supported along E. 

Definition 5.1. — The proper transform of 5F is defined as the quotient 
u)*3 ' / 5F E and will be denoted by ui*^ , or simply 9" # when suitable. 

The following sequences are exact: 

— > X# — > X# (E) — > X #(E) E — > 
— ► ? E — ► u*3 — ► J# — > 
— ► J - * — ► cj*9 r (E) — > ou*?(E) E — ► 0. 

To see the exactness of the latter two, tensor first sequence with o;*5F and split 
the resulting sequence into two short exact sequences. 

The definitions of proper transform for divisors and sheaves are compatible 
with each other: For a given effective divisor D on X, denote its ideal sheaf 
by a D ,then ## = # D# . 

Proposition 5.2. — Given a coherent sheaf 5F on X, 

1. If is torsion-free, then 3® and 5F# coincide with the torsion and 
torsion-free parts ofui*^ respectively. 

2. Let d be the ideal sheaf of x e X. Then, 3 # = Gx#(~ E). 
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3. If 7 is locally free at x, then u*^ = J*. In particular, if "5 is locally 
free, the conclusion holds. 

4. Ifx £ Supp 3 r , then uj*^ = J* and uu*3* = oj*u;*$ = 3 r . 

5. Given a locally free sheaf L on S, then (£F <g> L) E = £F E ® L and 
{3®L) # = -J#®L. 

Proof. — (1) follows as cu : X*\E — > X\{x} is an isomorphism, c<j*3 r is 
torsion-free over the open set X*\E and the torsion locus is E. (2) and (3) 
follow from (1). (4) is clear. (5) follows from the locally freeness of the 
sheaf L. □ 



Lemma 5.3. — Given a coherent sheaf M on X, 

R°lu*uj*M = M and i?W*M = for all i > 0. 

Proof. — The result holds for M — Ox- It holds for locally free sheaves by 
the projection formula and for arbitrary coherent sheaves by the existence of 
locally free resolutions on smooth projective scheme X. □ 

Lemma 5.4. — Given a coherent sheaf M on X with dh(M x ) = 1, 

1. M E = E (-l) ffim , where m = dim k{x) M x <g> k{x), 

2. R°uj*M# = M and R 1 uj*M # = Ofar all i > 0. 

3. If M x is torsion, then for ally G E, dh(M*) = 1, 

4. 7orf x *(M#, E ) = for alii > 0. 

5. 8.xt° (O E ,M#) = 0. 

6. If ' M is pure of dimension 1, then E ^ Supp M#. 

Assumption 1. — From now on, assume M is a coherent sheaf on X with 
dh(M x ) = 1. Let N := ker(M — ► M x ). 

Lemma 5.5. — Given an exact sequence of sheaves on X 

— >N — • M M, — >0 

where evy is the evaluation map, then the sequence 

— ► N* — > uo*M — > uo*M T — > 

is exact and iV# = M*(— E). 

For any divisor D with mult x D = 1, M(-D) # = iV # (-D # ). 
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Proof. — The map N — ► M is at x and an isomorphism of the fibers 
away from x. Hence the map tu*N — ► cu*M vanishes along E and it is an 
isomorphism away from E. As a result, the kernel and the image of this map 
are N E and N*. This proves the exactness of the above sequence. 
The proper transform M # fits into the exact sequence: 

— > M* — ► lo*M(E) — ► lu*M(E) e — ► 0. 

Tensoring this sequence by 0(— E) shows that N* = M # (— E). 

Given such a divisor D, we see that co* = D# + E. Starting from 
N# = M # (-E) and tensoring both sides by 0(-D # ), we get iV # (-D # ) = 
M#(-co*) = M(-D) # . □ 

Lemma 5.6. — The sequence 
— > M E 

is exact. 

Proof. — Let K := ker(cj*M E — > M* ). The following diagram is exact: 



oo* M lo*M e 



uj*M e — ► M* — > 



N# 



M* 



• < 




M* 







□ 



5.1. Two Sheaves. — If dh(M r ) = 1, then M has a two-step locally free 
resolution over an open subscheme U containing x: 

— — > % — >Mu — >0. 
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Denote uj~ 1 (U) by V. This data fits into an exact diagram: 
(t) 

N v 

J i % M v 

" 

> IK % *■ M T *■ 

N v 


Here, 3i and N are the kernels of % — > M T and M — >■ M T respectively. 
The stalk M x is torsion Ox,x-niodule if and only if rank 3 1 = rank %. 

Lemma 5.7. — Given an exact sequence of coherent sheaves on U 

— > S — >3 — >Q — > 
with 5F locally free and Q torsion, then 

— > S # — > oj*3 — ► lo*Q — ► 

is exact on U*. 

Proof. — The sequence oj*§> — ► u*^ — > co*Q — > is exact. The first 
homomorphism factors through S # because S# is the torsion-free quotient of 
lu*S. The homomorphism § # — > uo*3 is generically injective since uo*Q. is 
torsion and injective since § # is torsion free. Consequently, the image of lu*§ 
in uo*^ coincides with § # . □ 

Definition 5.8. — Given a projective scheme X, a normal crossing divisor 
S, a locally free Ox-module 3 and a locally-free O^-module M together 
with a surjection <fi : J — ► M, the coherent sheaf 'ker <p is called the Hecke 
transform of 3 with respect to M and <fi. 



Remark 5.9. 



— Hecke transforms are locally free sheaves on X. 



ALGEBRAIC NAHM TRANSFORM 



25 



Proposition 5.10. — 1. IfM x is torsion Qx, x - m odule, then "K is a torsion- 
free Ox -module of the same rank as 5Ti. 
2. The following diagram is exact: 



(t) 







N* 



v 



u*M 7 



N* 









3. The proper transform ofJi is a Hecke transform ofS\ along E. In 
particular, J{ # is locally free. 

4. Given lu : X* — > X as before. Then = (jfj). 

Proof. — (1) The sheaf OK is torsion-free since any nontrivial subsheaf of a 
torsion-free sheaf is torsion-free. The sheaves !K and are of the same ranks 
since they are isomorphic away from T. 

(2) The exactness of the second row and the third column follows from 
Lemmas l5.7l and !531 The exactness of the first column is as a consequence. 

(3) The locus uj~ 1 (T) is a normal crossing divisor and uj*M t a vector bun- 
dle on this divisor. The proper transform !K # of IK is the kernel of uj*3q — > 
uj*Mt which proves it is a Hecke transform. 

(4) follows from Lemmas 15 . 31 and l5~4l □ 

Proof of Lemma \5~4\ — (1) The stalk M x has a two-step resolution by free 
Ox,z-modules. Therefore, there exists an open neighborhood U of x on which 
Mu has a locally free resolution 

— >3 r l — > % — ► Mu — > 0. 
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The locally free sheaves 3^ are of the same rank, say r. Let m be the fiber 
dimension of M at x, then m < r. Denote co> _1 ([/) by V. Because E C V, 
M E = 7or 1 v (uj*M u , Qy(E) E ). Using the locally free resolution of Mjj, we 
see that M E = E (-l)® m where m = dim k{x) M x ®k(x). 

(2) The sequence — ► 3 E — > u*J — ► 3* — ► is exact. 
The first term is isomorphic to E (— l)® m . Therefore K 1 lu :¥ M e = for all i, 
R°u*M* = M and BluM* = for all i > 0. 

(3) For all y G E, dh(u*M y ) = 1 and M y is a torsion Ox#, y -module. The 
sheaf N* is a subsheaf of co*M and M* = N#(E). By Cor.' I3~T31 Mf has 
the same properties. 

(4) The sheaf M* has a two-step locally free resolution 

— ► Ji(E) — > IK # (E) — > M* — ► 0, 
where 0~C* is defined by a Hecke transform as ker(5F — ► to*M E ) and hence 
locally free. Consequently, Torf x# (M # , E ) = for i > 2. 
Apply E ®o x# • to the exact sequence 

— ► M E — ► uj*M — ► M* — - 0. 
The sheaf M E = E (-l)® m . Hence 7or^ x# (M E , E ) = 0® m . Similarly, 

Torf x# (w*M, E ) = M E (-E) = 0® m . By LemmaEH 7orf x * (M # , Q E ) = 
0. 

(5) Apply Ext # (•, M # ) to the exact sequence 

— > Ox#(-E) — > 0x# — > Oe — > 0. 

The result is 

— ► £xt^ # (0 E ,M # ) — ► M* — ► M # (E) — ► M # (E) E — ► 0. 
Then, 8.xt° (0 E , M # ) = 7orf x# (M # , E ) = 0. The latter sheaf is trivial 

(6) If M is pure of dimension 1, then M # is torsion and dh(M#) = 1 
for all y E X*. Consequently, M# is pure of dimension 1. As E is not an 
associated point of M* by (4), E Supp M # . □ 

5.1.1. Morphisms. — Let Mi, M 2 be coherent sheave on X. Then a homo- 
morphism <p : M 1 — ► M 2 induces 0* : cj*M a — ► u*M 2 with w*(Mf) C 
Mf and denote the induced morphism on the quotients M* — > Mf by # . 
For coherence, we also use uj#<p for # - 



Assumption 2. — Mi, M 2 are pwre of dimension 1. 
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Lemma 5.11. — For any homomorphism (j) : Mi — > M 2 , lu*lu#(J) = F° r 
any homomorphism ip : Mf — > Mf, (uv0)* = if). 

Proof. — The kernel of — cu*(j)# is O-dimensional. Because Mi is pure 
of dimension 1, the kernel is trivial and hence <fi = cg>*</> # . The kernel of 
■0 — (uv0) is contained in the zero dimensional subscheme E R SuppM*. 
Hence, tj) = (uo^ip)* . □ 

Lemma 5.12. — A homomorphism <fi : M\ — > M 2 is injective if and only if 
is injective. In this case, ^(coker = coker cf). 

Proof. — (<=) As Mi are pure of dimension 1, Mj = Mf and <p = uo*u#4>. 
The injectivity follows from the left exactness of lu*. 

(=>) 0* is injective away from E, thus ker # C E fl Supp M*, hence trivial. 

□ 

Lemma 5.13. — Le? M be a pure sheaf of dimension 1. 77zen, 

X (u;*M) = X (M), 
x(^ # M) = X (M). 

Proof. — Lemma 1531 (resp. Lemma l5~4l) shows that the sheaf cohomology 
of uj*M (resp. cu*M) match the sheaf cohomology of M, hence x(u;*M) = 
X (M) = X ^*M). ' □ 

5.2. Parabolic Case. — Fix a divisor D on X. 

Definition 5.14. — Given a parabolic sheaf M, of dimension 1 on X 
with parabolic divisor D, the proper transform of M, is defined by setting 
u; # (M) a := u# (M a ) for a G R. Let oj*M, have the same weights as M,. 

Definition 5.15. — Given a parabolic sheaf Mf of dimension 1 with 
parabolic divisor uj*Y), define the push-forward ofMf by setting u*(M#) a : = 
uj*{Mf) for a 6 R. Let uj*Mf have the same weights as Mf. 

Proposition 5.16. — The proper transform u^M, of M, with divisor D is 
a parabolic sheaf with divisor uJ*gr[ uj*M = grf M for all i and 
par — x(w M m ) = par — x(M,). 

Proof. — We give a proof for the proper transform. First, cu*(M ) = to*M. 
By assumption, M, is parabolic. The sheaf Mp is a subsheaf of M a for (3 > a. 
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The previous lemma implies Mj is a subsheaf of M# and grf uj*M = 
grf M for all i. In addition, 

uj*(M) a+1 = u;*(M a (-D)) = cu*(M a )(-V)) = M*(-uj*V). 

The weights of uo*M, are the weights of M,. These make u*M, into a 1- 
dimensional parabolic sheaf. 

The parabolic Euler characteristic is preserved since 

M(-D) # = M # (-cj*D) 

and cu* grf M* = grf M for all v. 

par-x(^ # M.) = x(u*M(-lj*Y))) + J> lX (grf ^ # M) 
= X (M(-D)) + $>iX(grfM) 

= par- X (M.). 

□ 

6. Addition and Deletion 

In this section, we introduce the addition and deletion operations for 
parabolic sheaves. 

6.0.1. Deletion. — Let D 5 . be a parabolic sheaf on X with divisor D and 
D', E be a effective Cartier divisors in X such that D = D' + E. Because 
dim(Supp(T) n D) < dim(Supp( D 5 )), the same holds for E and D' as well. We 
set y := ?(— E). One can put a parabolic structure on the sheaf J" whose 
parabolic divisor is D': For < a < 1, set := J" fl IP a . Extend this to a 
parabolic structure by setting 7' a := 7' a _^([a\D'). We call J", the deletion 
of E from the divisor ofT., and denote it by Del E ( "?,). 

6.0.2. Addition. — Conversely, given a parabolic sheaf 7' 9 with divisor D' 
and an effective divisor E such that dim(Supp( J") HE) < dim(Supp( J")), one 
can put a parabolic structure with parabolic divisor D = D' + E on = ?' (E) 
by setting y = 7 and T Q = 7" a for < a < 1 and extending this to R in the 
usual way. Denote 7, by Add E (3".), and call it the addition ofE to the divisor 

of?:. 

Condition 3. — One has either 

a (J>) = and F x 9 = IP(-E), 

or 

a (?) > and Supp(T) fl E = 0. 
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Lemma 6.1. — Let T. be a parabolic sheaf on X satisfying Condition^ and 
§. be a saturated subsheaf endowed with the induced parabolic structure. 
Then §. also satisfies Condition^ 

Proof. — The induced parabolic structure is defined by the formula §> a = 
§ fl 7a for all < a < 1. For small enough e > 0, one then has § £ = 
§ n ? £ = § n (P(-E). Because S C 7, this then implies § e = §(-E). 
Assuming Supp(S) fl E ^ 0, one has § £ ^ S. Letting e — » 0, this implies 
«o(§) = 0, and Fi§ = §(— E) as claimed. □ 

Proposition 6.2. — For any parabolic sheaf 7', with divisor D' and any E 
satisfying the assumption of Subsection \6.0.2\ one has Del E (Add E (3^)) = 
7',. For any parabolic sheaf 7, and E satisfying Condition \3\ one has 
Add E (Del E (T.)) = Finally, par - x(Del E (!P.)) = par - x(3>.). 

Proof. — The first two statements are clear from the definitions. For the third 
statement, notice that T(-D) = (T(-E))(-D') and that for all < a < 1, 
one has ? Q = Del E (T.) a , in particular gr£(3>.) = gr^(Del E ((P.))- □ 



7. Spectral Triples 

From now on, let C be a smooth projective curve over the field K and P an 
effective Carrier divisor on C. 

Definition 7.1. — A spectral triple (Z, E, M) consists of a smooth surface Z 

together with a morphism uo : Z — > C, an effective divisor £ C Z and a rank 

r , n 11** i (1) 71 '■ Z — > C is flat, 
one torsion tree Uy,-module M so that „ „ . ' . ,„ 

(2) 7T| S : L — > C is finite and fiat. 

Definition 7.2. — A parabolic spectral triple (Z,H, M.) is a spectral triple 
so that M, is a parabolic sheaf whose parabolic divisor is u*(P). 

Remark 7.3. — In fact, it would be enough to consider the pair (Z, M) as £ 
is determined by S = Supp(M). We include S in the definition for exposi- 
tional purposes. 

Starting from such a Higgs bundle (£, 9) one can define a spectral triple 

(Z\ S b , M b ): Set & := C - P and A 1 := Spec(&[A]). Here, 
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(27) Z b := C b x A 1 with the obvious choice for u\, : Z b — ► C, 

(28) E b := (det(A Id e -0)) and 

(29) M b := coker(A Id £ -0). 

Definition 7.4. — A compactification of the triple (Z b , S b , M b ) w a spectral 
triple (Z,H, M) and an open immersion i : Z b — > Z so that 

1 . Z is a connected smooth projective surface, 

2. i(S b ) is contained in E as a dense open subset, 

3. i*M = M\ 

so that the following diagram is commutative: 

z b ^Z 




C. 



By (1) and (2), Z b is dense inside Z and E is the closure of i(£ b ) in Z. 
There are many compactifications of the triple (2T b , S b , M b ): Given one 
compactification, one can obtain other via suitable blow-ups. 
The standard choice for compactification of (zT b , S b , M b ) is 

Z v := p c (0©0(-P)), 

S p := (det(rr P Id £ -y P ^)) and 

M p := coker(x P Id £ -y P 6l). 

Remark 7.5. — S p does not meet the line at infinity (y P ). 

7.1. Naive Compactification: The Surface and The Curve. — We de- 
scribe a compactification with Z° — C x P 1 . The spectral curve E° is de- 
termined by E b as its closure. The sheaf M° is the cokernel of a morphism 
between locally free sheaves as was M p . 

Remark 7.6. — E° meets the line at infinity (y ) over the points p G P for 
which 6 p is not a nilpotent endomorphism. 

7.2. Naive compactification: The Sheaf. — Fix a section s so that P = (s) 

and let 6 := s x Id £ -y 6 : £ — »■ £(P) ® O z o(l). Then 

(det O ) = S° + (det coker(#)). 
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We find another map $ related to O : £ — ► £(P) ® O z o(l) so that 

S° = (det $ ). 

Recall that J := ker(£(P) — > coker 6»(-P) P ) and ^ ^ £ is denoted by Q. 
The map : £ — > £(P) naturally factors through 3"(P). Similarly, O factors 
through ^(P) ® O z o (1). Denote the resulting map by $ - The following 
diagram is exact. From this diagram, we see that 



Supp M° = (det $ c 



(30) 



e 



£(P)®(Wl 



r7^_ coker 6 *- 



^(P)®O z o(r; 







£(P) ® O z o(l) 77^ coker 6 D *- 



7.3. — We use the ideas developed in Section |5] to compare M° and M p 
using the diagram 

Z 

V T - / \ r >T+ 



z° z v . 

Set 

- T~ := £- n (j/o) and T+ := £+ n (x P ), 

- J\ := £, 3=g := ?(P) ® z o(l) and 2? := £, 3* := £(P) ® 0^(1). 
View 9^ — > 3^ as a two-step locally free resolution for the sheaf M B on 
£/" = Z B . Set 

:K B :=ker(g*^M* B ). 
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Proposition 7.7. — For B = 0, P, T B is linear, 
Z = F-BI^b Z B and uj b = uj-b, 



(31) 
(32) 
(33) 



* N p 



r)*_N° 



We denote the proper transformed spectral curve d33l) by S. 

Proof. — For simplicity, assume P = n ■ pt with local coordinate u. at pt. 
Subscheme T p is linear because T p = (u n ) fl (t) = (u n , t) where t is x P or 
Ud- The pair u and t is clearly transversal. Rest of (1) is clear. Lemma R31 
says that the following is diagram commutative and ?7 T+ # J{ P = rj T -#'K : 




£(P)®0 Z p(l 



The rest follows. 



□ 



8. Algebraic Nahm Transform 

Let (Z p , S p , M p ) be the standard parabolic spectral triple of the parabolic 
Higgs bundle (£., 9 ) whose parabolic divisor D is P + oo. Define the following 
0-dimensional subschemes of Z p : 

T+:=7r*(P)n(xp), 

the intersection of the pullback divisor 7r*(P) and the 0-section in Z p and 

f~ := tt*(oo) nS p , 

the fiber of S p over oo G Z v . Applying the ideas of Section |5] to the zero- 
dimensional subscheme T + produces a new spectral triple (Z p , S p , iV p ) out 
of M. p : 

A^ p :=ker(M p -> Af£+). 
By definition, A^ p consists of the local sections of M p vanishing in T + . 
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Next, define another spectral triple (Z, S, N,): The surface Z is the blow- 
up r) T+ of Z p at T + , the divisor E + is the exceptional divisor of rj T + and 
the coherent sheaf N is defined as the proper transform r)f(N p ) of N p . The 
support S of N is the proper transform 77*+ (S p ) of £ p . Let 

N. := Del E +^+M p . 

The sheaf N now has a parabolic structure whose divisor is ?7* + D = ry^+D — 
E + . By our convention, the parabolic structure of N p (as well as that of all the 
other sheaves involved further in the construction) has weights between and 
1 in all parabolic points. 

Proposition 8.1 . — If Conditional holds for (£, 9), then Condition^ holds 
for the parabolic sheaf 'N, and the divisor E + . 

Proof. — Indeed, Condition |3] says that in a parabolic point p E P such that 
Op has a eigenvalue, the relation 5F = F±E holds, and the smallest parabolic 
weight is 0. This then implies that grQ (£) = coker(# p ), and that the parabolic 
weight associated to this graded piece is 0. By the definition of the parabolic 
structure of M p , this is equivalent to saying that gr^(M p ) = coker(0 p ) on the 
fiber F = 7r _1 (p), with parabolic weight associated to this graded. Since the 
sheaf coker(# p ) is supported in the point t = FD (x P ), we see that the 0-weight 
subspace of M P | F is precisely M p \ t . Therefore, we have F\M P = ker(M p — ► 
M p |i). Now let us blow up the point t, and call E the exceptional divisor and 
M the proper transform of M p . Then for the parabolic structure of M the 
relation F\M = ker(M — > M| E ) = M(— E) holds, and the corresponding 
parabolic weight is 0. This shows that Condition is true for M. It then 
follows for N as well because of our convention of keeping the same weights 
for kernel and cokernel sheaves. □ 

For simplicity, write n for the projection n o rj T + : Z p — > P 1 , whenever 
this does not create any ambiguity, and do the same for all other projections 
to P 1 composed with blow-up maps. Similarly, identify the zero-dimensional 
subcheme T C Z 2 with ur^T) if u : Z 1 — > Z 2 does not affect T. For 
example, view T~ = 7r*(oo) n S p both as a zero-dimensional subscheme of 
Z p and Z. 

Now, apply the blow-up construction of Section |5] to the zero-dimensional 
scheme T~ in Z, and obtain a parabolic spectral triple [Z tnt , T, mt , iV* n *) called 
the intermediate parabolic spectral triple of (£., 9): the surface Z mt is the 
blow-up pf of Z along T~, the coherent sheaf N mt is defined as the proper 
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transform p^rj^+N of A" with respect to 7] T +pf_. It is supported on the 
proper transform S m * = p* S of S with respect to pf_ . Set 

Nl nt :=Del E+ (r7 T+ op f _) # (M. p ). 

The parabolic divisor of A"™' is D mi = pt_T7* + D. Call E~ the exceptional 
divisor of p^ • Set P m * = D m * \ 7r -1 oo. We call Z mt the intermediate surface, 
E OTt the intermediate spectral curve and iV m * the intermediate spectral sheaf. 

It is possible to reconstruct the original parabolic Higgs bundle from the 
intermediate parabolic spectral triple: by Lemma 15^41 we have 

N p = (rj T+ o p f _)*N int and M p (-P). = (ry r+ o p^JV^-P**). 

The parabolic vector bundle £. is tt*M p (— P)„ and the Higgs field 9 is the 
direct image of multiplication map by the global section x P on Z p . 

The dual divisor P is defined as the image of T~ under 7? : P 1 x P 1 — > P 1 , 
i.e. 

P :=7r(f~). 

We equally set D = P + 00. All the maps we have constructed so far fit into 
the commutative diagram 

(34) z int 




Z p P 1 x P 1 Z p . 



Here, the surfaces Z p , Z and the related maps are defined in an analogous 
manner to above. More precisely, recall that rj T + is the blow-up of Z p at 
the points T + , and r) T is the blow-down of Z along the proper transforms 
E~ = ry* + (7r*(P)) in Z of the fibers of n in Z v over the points of P. As 
usual, call tx and 7? the two projections of P 1 x P 1 . For any pGP the proper 
transform ^7*+(vr*(p)) of the fiber over p contracts into the point in P 1 x P 1 
which is the intersection of the infinity-fiber of 7? with the fiber of n over p: 
denote by T~ C 7?* (00) the union of these points for all p 6 P; this is a finite 
set. Furthermore, recall that T~ is the intersection of S° and the infinity-fiber 
of 71, or said differently, the intersection of the fibers of 7? over P in P 1 x P 1 
and the infinity-fiber of tt. Then, the map rjf is the blow-up of P 1 x P 1 in 
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the points T , p T is the blow-up of Z in the points T , and finally rjf + is the 
blow-down of the proper transform E + = rft_ (7?*(P)) of the fibers of 7? over 
P with respect to rjf^ . Call T + the finite set where these fibers contract in the 
0-section of 7? in Z v . In other words, the relation between P 1 x P 1 , Z p and 
Z with respect to the points P and the projection 7? is the same as the relation 
between P 1 x P 1 , Z p and Z with respect to the points P and the projection 7r; 
whereas Z mt is the fibered product of Z and Z over P 1 x P 1 . Therefore, Z mt 
has two projections to projective lines: n = n o r) T+ o p^ to the base P 1 of 
the geometrically ruled surface Z p , and 7? = 7? o 77^+ o p T to the base P 1 of 
Z p . Let M p be the direct image sheaf (rjf+ o p T -)*(Addg+iV m *) and denote 
by S p its support. 

Definition 8.2. — The direct image parabolic sheaf 'tt*M p (— P) on P 1 with 
parabolic points D wz'/Z be called £^. 

By the definition of M p , is isomorphic to 

(7?* o (% + ), o ( Pr _), o Add^+Deb-f- o p|_ o r7# + (M. p )) (-P). 

Remark that by construction, the parabolic weights of are between 
and 1. Furthermore, similarly to (x P , y P ) on Z p , there exists a pair of globally 
well-defined parameters (%, ^) on Z p . 

Definition 8.3. — Denote the direct image of multiplication by the global 
section — % on M p (— P) by 6'. 

Remark 8.4. — One checks without difficulty that 6' respects the parabolic 
filtration oft',, hence (E' m , 9') is a parabolic Higgs bundle. Using the notation 
introduced in Section\l\ the definitions above can be written 

or equivalently by Lemma \3.17\ 

(C#0 = ^(-l)|pM p ,Xp) 

Notice that the construction of (£'., 6') only assumes that 9 has first-order 
poles at finite distance and no singularity at infinity, but no assumption is made 
on the residues of 9 in these singularities, nor about stability or the degree of 
£. However, the reason why we introduced this construction is that under the 
assumptions of [Sza05|, the two definitions of Nahm transform agree: 
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Theorem 8.5. — Assume (£., 9) satisfies the conditions of Section^ Then, 
the parabolic Higgs bundles (£'., 9') and (£* r , 9) are isomorphic. 

Definition 8.6. — In the sequel of the paper, this common object wil be re- 
ferred to as (£., 9). 

Proof. — It follows from the results discussed in Theorem 12.31 that on the 
open set C \ P the two Higgs bundles (£', 9') and (£, 9) agree. Indeed, over 
C \ P the two surfaces P 1 x P 1 and Z 9 are isomorphic, the same holds for the 
sheaves M° and M p and the coordinates £ and Xp. Finally, the two factors of 
1 /2 in the definition of (£, 9) (namely, that of % = 9 - £/2 and 9 = -z(£) /2) 
cancel each other. Hence, we only need to check that the extensions to the 
singularities agree as well. 
Lemma l5.4l implies 

(r?r-)*° (Pf~UN mt ) = N°(n-\oo)) 

as sheaves, and because E~ n S mi = (it o r) T - o p^_) _1 (cxd) fi S m * and 
(jr o r) T o p^_) _1 (P) = E _ U E + , this implies 

(77 T _), o (p f _),Add f+ (^) = N ^- 1 ®). 

Since the projections n o rj T o and tc o rjf + o p T from Z int to P 1 are 
the same, we have the isomorphism of sheaves 

7T,]V (P) = %M^, 

because both are equal to the direct image of Add^+N mt with respect to the 
same projection. However, the direct image of the parabolic structure of N° 
is not the correct one: indeed, on one hand the set of parabolic points of N° 
contains the points of E + H S° with trivial parabolic structure, so these will in- 
duce extra parabolic points on P 1 with trivial structure; and on the other hand 
it does not contain the points E + fl S° C 7r _1 P so that the direct image with 
respect to n of the parabolic structure on iV° does not really make sense. On 
the other hand, we modified the parabolic divisor of N int so that these prob- 
lems do not occur when we push it down. Hence, in order to prove equality 
of the bundles £* r and £' it is sufficient to prove that 7r*iV° = £* r ; whereas for 
their parabolic structure, we will to work directly with M p (— 7r _1 (P)). 

Now, as local sections of iV° are sections of M° vanishing in the points 
T~ = ({oo}) n S° and T~ = (P x {oo}) fl S°, this means precisely that 
if £ is a local coordinate of P 1 at oo then the local sections near oo of the 
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direct image 7r*iV can be represented by a local section of the sheaf M° 
multiplied by bump-functions concentrated at the spectral points of £ whose 
heights converge to up to first order as £ — > 0. On the other hand, the 
induced extension at infinity is defined precisely by admitting a representa- 
tion by bump-functions of constant height as ( — > 0, and the local sections 
of the transformed extension are obtained from those of the induced exten- 
sion upon multiplication of these latter with = £ (c.f. the discussion 
before 0). It is proved in Proposition 4.24 of HSza 05 1 that a /^'-harmonic 
1-form Lp = Lfidz + ipidz represents the element of M° which is the class 
of {ipi(q(£))dz} modulo the image of 0, where g(£) runs over the finite set 
of spectral points of £. It follows that multiplying the harmonic representa- 
tives by bump-functions of height converging to instead of constant height 
amounts to taking sections of M° that vanish at So. Therefore, locally near 
the dual infinity the isomorphism of holomorphic bundles n*N° = £* r holds. 
Similarly, near a logarithmic singularity the change of trivializations to ob- 
tain £* r from £ md is to take bump-functions of height decaying as |£ — £z | near 
the spectral points converging to oo G P 1 . This amounts precisely to taking 
local sections of M° vanishing up to first order on the divisor {oo} x P. Such 
local sections of M° are by definition the local sections of iV°, therefore the 
direct image of iV° in the logarithmic singularities P of is also equal to £ tr ; 
this implies isomorphism of the bundles and Higgs fields. 

It remains to identify the parabolic structures of the direct image. First of 
all, the set of parabolic points of £* r in P 1 is D = P U {oo}, and the same 
holds for £^ because the deletion procedure removes extra parabolic points 
with trivial structure from M.. Second, by Section 4.6 of HSza05H . near the 
punctures the local bases of the transformed bundle defined by the representa- 
tives given in the previous paragraph are adapted to the transformed harmonic 
metric. Hence, the direct images of the parabolic filtrations of M p (— 7r _1 (P)). 
are the filtrations of £^ r . Furthermore, the same thing holds for the weights as 
well. Indeed, the weights of M p (— 7r _1 (P)). in the points of E~ fl S p above 
£z are equal to the parabolic weights of the original bundle on the £r 
eigenspace of A at infinity. This follows because the weights of M p at infinity 
are because near infinity the isomorphism of sheaves iV p = M p holds, 
and because our convention is to keep the same parabolic weights for sheaves 
isomorphic near a parabolic divisor. The weights of M p (— 7r _1 (P)). in the 
points T + are in turn equal to by the definition of adding a new divisor to 
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the parabolic divisor of a parabolic structure. On the other hand, by Theo- 
rem 4.37 of HSza05H the non-zero weights of £* r in P corresponding to the 
sections defined above are equal to af. This proves equality of the parabolic 
structures of the two extensions in the logarithmic singularities. Similarly, the 
weights of M p (— ff _1 (P)). at oo are the non-zero weights aj, of £. in points 
of P: again, this follows from the fact that the weights of M p in the points of 
7r _1 (P) H S p \ T + are a 3 k , combined with the local isomorphism of sheaves 
N p = M p away from the 0-section of vr. By Theorem 4.34 of BSza()5l the 
corresponding weights of £* r in oo are also equal to a 3 k \ whence the theo- 
rem. □ 



In this section, we illustrate by two examples how our approach allows 
to increase the degree of generality of the setup of the transform defined in 
[Sza03). 

9.1. Nilpotent residues. — In this first example we show that the transform 
can be defined for a Higgs field whose polar parts are not necessarily semi- 
simple. The conclusion is that a zero residue matrix at infinity can induce two 
nilpotent residues of rank one in points of finite distance of the transformed 
object - hence, there is no analog to nilpotent parts of the preservation of 
the sum of the ranks of the semi-simple parts of the residues by the transform. 
Paralelly to this, the multiplicity of the parabolic weights is also not preserved 
by the transform. In concrete terms, this means that a parabolic weight a of 
multiplicity 1 splits up to a multiplicity 2 weight a/2; in particular, the total 
parabolic degree is preserved. Notice finally that in this example we start out 
with a Higgs field with a rank-two singularity at infinity, and we arrive at one 
with a logarithmic pole at infinity. 

Let Mo and Vq be the standard coordinates on P 1 in a neighborhood of and 
oo respectively, P = {0} C P 1 , £ be the rank-two trivial holomorphic bundle 
P i © P i , and 9 on the open affine v = 1 containing is given in matrix 
form 



9. Examples 



(35) 
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or, in homogeneous coordinates, 

(36) ( Vo Uo 

The residue in has two distinct eigenvalues ±1; whereas the limit of the field 
at infinity is 



1 
-1 



with eigenvalues ±z. Furthermore, setting u = 1 in (l36l) . an easy computa- 
tion shows that the eigenvalues £(v ) of the matrix can be written 

(37) £(«b) = ±. V / T^ = ±i(l - | + 0(v^ . 

In particular, since the eigenvalues are distinct for t> = 0, in a neighbor- 
hood of oo there exists a trivialization of £ in which the matrix of this endo- 
morphism is diagonal. This trivialization then clearly satisfies the properties 
required by ©-© with first-order term = 0, since the eigenvalues are 
functions of v 2 . However, the assumption that the eigenvalues of B^ are all 
non-vanishing and distinct obviously fails. Finally, let a° + , a°__ £ [0, 1 [ be arbi- 
trary weights at the singularity corresponding to the 1 and (— l)-eigenspaces 
respectively; and let a+, a°? £ [0, 1[ be arbitrary weights at infinity corre- 
sponding to the i and (— z)-eigenspaces. 

Consider the standard spectral surface Z 1 = P P i(0 P i © Opi(P)), and call 
the preferred sections of O^i(l) (g) Opi(P) and O z i(l), Xi,yi respectively. 
The standard spectral curve S 1 in Z 1 is defined by the polynomial 

det(xi — y\6). 

Since the standard spectral curve does not intersect the infinity- section, we 
may assume y\ = 1. Then this polynomial becomes 

2 2,2 

x 1 -v + U Q . 

The solution of this homogeneous equation is 

(38) yi = l xi = s 2 - t 2 u = 2st v = s 2 + t 2 , 

where [s : t] stands for homogeneous coordinates on a smooth rational curve. 
In other words, the mapping [s : t) \— > uo, vq, x\,y\ defined by (l38l) is a closed 
embedding whose image is the smooth spectral curve S 1 . In particular, it has 
two branches over [uq = : vo = 1] = £ C which do not intersect: one 
of them through s = 0, t — 1, the other one through s — 1, t — 0. The first 
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corresponds to x^ = — 1, that is the eigenvalue —1 of the residue of 9 in 0, 
the second X\ — 1 to the eigenvalue 1. Similarly, the two branches of S 1 over 
oo 6 P 1 pass through x 1 = i and Xi = —i. The pull-back of £ to S 1 is 
the rank-two trivial holomorphic bundle O s i © Oe 1 an d the map is then by 
definition 



in particular, the sheaf M p is O s i(3). Now, since the residue of 9 in has 
two distinct non-zero eigenvalues {±1} and the rank of £ is equal to 2, the set 
t =0 is empty. Therefore, the sheaf iV p is the kernel of evaluation of O^i (3) in 
the points of the spectral curve S 1 over the point at infinity [u — : v — 1]. 
Because S 1 is a double cover of P 1 and smooth over infinity, we deduce that 
N p = O s i (1). Furthermore, it has four parabolic points: the two points over 
G C and the two points over oo G P 1 discussed above. The weights are 
as follows: the one in x 1 = —1 over G C is a°_ ; the one in x\ — 1 over 
G C is ol\_\ the one in x\ = —i over oo G P 1 is the one in x\ — i over 
oo G P 1 is a^°. 

Let us now consider the compactification S° of the open spectral curve E 1, 
in the surface P 1 x P 1 . We have seen that it is the proper transform of S 1 with 
respect to the elementary transformation linking Z 1 toP 1 x P 1 . Let x , y be 
homogeneous coordinates of P 1 : they can be thought of as sections of (Dpi (1) 
vanishing in and oo respectively. Since the elementary transformation in 
question blows up the point u = 0, the relation between these coordinates 
and the sections of Oz^l) is 

(39) x = xi y = yxu . 
Therefore, the parametrization (|3*SI transforms into 

(40) y = 2st x = s 2 - t 2 u = 2st v = s 2 + t 2 , 




A cokernel map for this is left matrix multiplication 

(s,t) :0 E i(2)©0 S x(2) — ►0 E i(3); 



and the equation defining the curve becomes 

/ a i \ 22 22i22 

(41) x u - y v + y u . 
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This curve in P 1 x P 1 is not smooth. Indeed, it is straightforward to check 
that it has a node in the point (0, oo) G P 1 x P 1 . On the other hand, it has no 
other singularity, because on the complementary of the fiber of n over it is 
isomorphic to E 1 . 

The first thing we need to identify in order to perform the elementary trans- 
formations for the projection n is the polar divisor P C P 1 . Recall that 
it is given as the intersection points of E 1 with the oo-fiber of it. Plug- 
ging uq = 0,t> = 1 in the equation of E 1 we get x\ = — 1. We deduce 
P = {[i : 1], [—i : 1]}, in other words the points {±i} of C. We now pro- 
ceed in two steps: first, compute the coordinates of the surface Z % obtained 
by performing an elementary transformation in the point [i : 1]; then perform 
another elementary transformation, this time in [—i : 1], to obtain the surface 
Z 2 = 

The transformation in i is 

Mi = u (x - iy Q ) = u {s - it) 2 vi = v ; 

since these are projective variables, this is equivalent to 

u i — u o( s — it) v i — — - — = s + it. 

s — it 

The transformation in —i is 

«2 = u 1 (x + iy ) =ui(s + it) 2 v 2 =v u 
which is again equivalent to 
(42) 

«2 — Ui(s + it) = u (s — it)(s + it) = 2st(s 2 + t 2 ) f 2 = — ^- = 1. 

s ~\~ xt 

Meanwhile, since over the points ±i G C the spectral curve has only one 
branch through oo G P 1 , these modifications do not introduce new singulari- 
ties. In other words, the spectral curve is transformed by these modifications 
into a rational curve S 2 = with one node, in the zero section over the 
point oo. 

Next, we need to compute the transformed bundle £. First, because S 1 does 
not pass through the intersection of the 0-section and the 0-fiber of Z 1 , the 
curve E C Z is isomorphic to E 1 , and E is disjoint from the proper transform 
E + of the blow-up Z — > Z 1 . Furthermore, because the multiplicity of each 
intersection point of E 1 and the infinity-fiber of Z 1 is 1, the curve E m * C Z int 
is also isomorphic to E 1 , which is a projective line. It follows that the proper 
transform of M 1 in Z' mt is E » n t(3), and the intermediate spectral sheaf is by 
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definition N int = Del E +(0 S int(3)), which is S mt(3) because E + is disjoint 
from £ m *. The curve E 2 intersects the zero- section of Z 2 over each of the 
points ±z with multiplicity 1. Hence, both components of the exceptional 
divisor E + of the blow-up of Z 2 in these points intersects the curve Ti int in 
one point. Therefore, the sheaf Addg+(iV m *) = (0 2 int(3))(E + ) is isomorphic 
to E int(5). By definition, £({— is the direct image of Addq+(N int ) 
with respect to the projection of Z mt to P 1 . By the computations above and 
because S m * is a double cover of P 1 , this means that £ is the direct image of 
S mt(l). We claim that 



Indeed, since S m * is a double cover of P 1 , clearly £ is of rank 2. Now E » n t(l) 
has exactly two independent global sections: s and t. They induce global 
sections of £. Conversely, any global section of £ induces a global section of 
S int(l), and is therefore a linear combination of s and t. In different terms, 
s and t give a global trivialization of £ on P 1 . 

The last thing to compute is the transformed Higgs field 9. Here, the section 
Xp is called u 2 , and 9 is the direct image of multiplication by — m 2 on 0g_ M (1). 
Notice that using (l40b and d42l we obtain 

(43) u 2 ■ s = 2st(s 2 + t 2 ) ■ s = x y ■ s + ■ t 



£ — Opi Opi- 



(44) 



u 2 -t — 2st(s 2 + t 2 ) - t = y 2 - s - x y ■ t, 



therefore the matrix of 9 in the above trivialization is 



( x yo yl \ 



Here x , y are standard projective coordinates for P 1 , vanishing at the points 
and oo respectively. The matrix form of this map on the affine C with poles 
in the points {±?} can be obtained by setting y = 1, and dividing each entry 
by (^o — i)(xo + i)- The result is 




This matrix clearly has poles in x = ±i, with residues 




ALGEBRAIC NAHM TRANSFORM 



43 



both of which are nilpotent. Furthermore, the spectral curve is ramified over 
both of these points, as it can be seen for example from the defining equation 
(l4lT) of E° upon putting x = 1, v = 1 and using the observation that tak- 
ing proper transform with respect to an elementary transformation does not 
change the property of the projection to P 1 being ramified or not. Another 
way of seeing the same thing is as follows. Express v in terms of x = £ in 
(ITTl) for example near the value x = i; we obtain that 

(45) vl = x - i, 

which is clearly an index 2 ramification for n. It follows that over the loga- 
rithmic poles ±z of the transformed field, both branches of the spectral curve 
pass through the infinity-section of w. 

We deduce that the parabolic filtration of £ in these points has to be trivial, 
hence with only one weight in i (resp. —i). Moreover, the norm squared with 
respect to h of the cokernel vector is equivalent to |^o 1 2ct +' , which is equal to 
\x — i\ a + because of (l43t ; therefore, this unique parabolic weight in the point 
i (resp. —i) is a+ /2 (resp. a°?/2). On the other hand, near oo the matrix for 
6 looks up to higher-order terms like 



this converges to as xq goes to infinity, and the first-order term in its Taylor 
series is 



with eigenvalues {±1}. The parabolic weight of the ±l-eigenspace is a\. 

9.2. Higher order pole. — Although so far we assumed that the Higgs field 
has at most logarithmic singularities in the singular points at finite distance, 
it is relatively clear that iterating the construction several times according to 
the order of the poles, one can get a transform for Higgs bundles with higher- 
order poles - the transformed Higgs field will then have a ramification at 
infinity. Here we describe the archetype of this phenomenon: the original 
Higgs bundle has a maximal ramification at infinity, and the transformed field 
has a pole in the origin whose order equals to the index of this ramification. 

Let r > 2 and take £ to be the rank r trivial holomorphic bundle 0p[, with 
P = {0} the only regular parabolic point. Define the Higgs field as the map 





e : o®r 



Opi(l) 
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defined in some global trivialization {ti, . . . , r r } by the matrix 



/0 Uq ... 0\ 
Uq ... 



(46) 




\v 



U 

0/ 



where u , vq are the global sections of P i (1) vanishing in and oo respec- 
tively. Here and in all this section we identify Opi(P) with P i(l), and cor- 
respondingly replace P by 1 in all upper and lower indices. 

We immediately see that at infinity the matrix (Bol l has only eigenvalues, 
so we deduce that the singular set of the transform will be P = {0}. Further- 
more, in a local affine coordinate v centered at infinity, the matrix becomes 



/0 1 
1 




\v 







1 
0/ 



It is clear that there exists no non-trivial subspace invariant by both the con- 
stant and the first-order term of this matrix. Since the parabolic filtration has 
to be preserved by the polar part of the field, this then implies that the only 
possible filtration in this point is the trivial filtration 



£1 



{0}. 



Let us call the corresponding weight a°°. By the general hypotheses made on 
the weights, a°° is in ]0, 1[. For the sake of simplicity, let us also suppose that 

a°° < 1/r. 

On the other hand, the residue of the Higgs field ( BoT ) in the only regular 
singular point G C is of rank 1, so the transformed bundle will be of rank 
1. Moreover, since this residue has only eigenvalues, the standard spectral 
curve passes through the zero-section over the polar point with maximal 
multiplicity r. Condition [T] then forces that the parabolic structure in this 
polar point is trivial, i.e. the filtration is trivial and the only weight is 0. 
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The spectral surface is Z l = P P i(0 P i © P i(l)), and 



0i = xi - yit 



( Xi 







\~V\Vq 



-yiuo 

Xx 








-yiuo 



implies that the spectral curve is 

s 1 = (detceo) 



x- L 




-yi) r u r ^o) 








-yiuo 
x x ) 



This curve is singular in the point xx = 0,u = Oifr > 2. Therefore, 
instead of working on this surface, we choose first to perform an elementary 
transformation in the point and reduce our problem to the case of a smooth 
curve in P 1 x P 1 . The elementary transformation to apply is given by the 
coordinate changes x u = Xx, yo = yx, and now we consider Q^O as a map 
£ — >■ ^(1) = 0®l r_1) © Opi(l). In concrete terms, denoting by M external 
tensor product of sheaves on a product space, the map Q in the Diagram (l30b 
has the form diag(w , . . . , u , 1) in the same basis as above, and this means 
that 



@o = Q Oo«o - yd- 



: 0®[ 



(Q e(,-i) 



O pl (l))KO pl (l) 



is given by 



x 





-yo 





\-yoVo 








\ 





xo -yo 

X U / 



Therefore, the spectral curve S u is defined by the equation 

x o u o - (-yoY'vo = o, 

and this is clearly a non-singular rational curve smoothly parametrized by 



(xo,yo): namely, one has uq 



-yo) ,v 



Xn 



As an effect of passing 



to the product surface we therefore desingularize the curve, and applying the 
map Q^ 1 we get rid of the extra fiber of multiplicity (r — 1) over of the 
total transform of the curve. Over the origin in P 1 one has u = 0,vo = 1, 
so necessarily y = 0, which means that the only point of the spectral curve 
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over the origin is the point (0, oo) G P 1 x P 1 . Moreover, putting x — 1 the 
equation for the curve near this point becomes 

which means that the projection to P 1 has a ramification of index r in this 
point. Similarly, the curve passes through (oo, 0) and projection to P 1 has 
a ramification of index r over the infinity. In particular, it intersects the 0- 
and oo-fibers of n in these points with multiplicity r. A simple computation 
shows that the map 

A : (Ofr 1] © Opi(l)) B O pl (l) — > Opi(l) B O pl (r) 

A = (yoX r ~ 2 v , y%x r - 3 v , y^vo, xj" 1 ) 

is a cokernel for 9 . In particular, the cokernel sheaf M° of O is the restric- 
tion of Opi(l) M Opi(r) to S°, which is equal to O s o(2r) because S° is an 
r-to-1 cover of P 1 and a 1-to-l cover of P 1 . By definition, the sheaf N° is 
the kernel of evaluation of M° in the intersection points (oo, 0) G P 1 x P 1 
and (0, oo) G P 1 x P 1 of the spectral curve with the oo-fiber of n and the 
0-fiber in the oo-section. We have seen above that these intersections are of 
multiplicity r. It follows that N° = M°(-2r) = O s o. Since tt : S° -> P 1 is 
an isomorphism, we deduce that £ = Opi . 

Let us now identify the transformed Higgs field 9; for this purpose, we need 
to perform additional elementary transformations on P 1 x P 1 , but this time 
with respect to the projection n. Namely, since the spectral curve S° intersects 
the oo-section of n in its 0-fiber, we need to introduce u\ = uox , v\ = vq. 
The equation of the proper transformed curve S 1 is then given by x^ui — 
(—yo) r Vi = 0. However, this still intersects the oo-section of n, so we need 
to do another elementary transformation u 2 = Uix ,v 2 = fi, and continue 
this procedure until the proper transformed curve no more intersects the oo- 
section, that is u r = uoXq, v r — vq. The equation of the proper transformed 
curve Y7 is now u r — (—yo) r v r = 0. Since this curve does not intersect the 
oo-section of n, we may set v r — 1. Then the curve is given by u r = (—yo) r . 
Now, one has by definition 9 = n*(—u r -), hence we see that the transformed 
Higgs field has the form 

-(-yoY :O pl — Of^r), 
where Opi(r) stands for O pl (r{0}). This map therefore has an order r pole 
in (on the affine C it can be written as ±l/x r ), and on the other hand it 
clearly has an order r zero at infinity. The fibers being of dimension one, the 
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parabolic filtrations are trivial in both of these points. Similar arguments as in 
S ub section 19 . 1 1 show that the corresponding parabolic weights in and oo are 
ra°° and respectively. 

10. Quasi-involutibility 

As the second author has proved it in Chapter 5 of [Sza05|, one of the 
features of Nahm transform is its involutibility up to a sign. The proof there is 
done in the framework of integrable connections, and relies on the analysis of 
a spectral sequence. Our aim in this section is to give a new, more geometric 
proof of the same result in terms of the techniques developped in this paper 
("Theorem HO . 

Define the K -linear map 

-1 : P 1 ► P 1 

to be the extension to P 1 of the (K-linear) involution taking an element of K 
to its additive inverse. It has two fixed points: and oo. We will denote by 
(— l)rei the relative version of this map on any P 1 -fibration over a curve. It 
then induces a map on any blow-up of points in the 0-section or the oo-section, 
that we will still denote with the same symbol. 

Remark 10.1. — In what follows, it will be important to distinguish the di- 
visors (— 1)*P and — P: the first is the set of points —p where p G P, whereas 
the second is the inverse of the divisor P in the divisor group. 

Recall that given a parabolic Higgs bundle (£, 9) on P 1 with singularities 
on D U {oo} we have constructed in Section its Nahm transformed Higgs 
bundle (£, 9): it is a parabolic Higgs bundle on P 1 , the "dual" projective line, 
with singularities on D = P U {oo}. Here P is the set of eigenvalues of the 
leading term of 9 at oo. We have also computed the eiganvalues of 9 at oo, and 
we realized that they agree with the image — 1(P) of P under the involution. 

The bidual P of P 1 identifies naturally with P 1 itself, hence applying the 

Nahm transform to (£, 9), we obtain a parabolic Higgs bundle (£, 9) on P 1 
with singularities on the set — 1(P) U {oo}. The main result of this section can 
now be formulated. 

Theorem 10.2. — If(E,9) satisfies Condition^] then there is a natural iso- 
morphism of parabolic Higgs bundles between ( £, 9 J and (—!)*(£, —9). 
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Remark 10.3. — There is a sign change of 9 between this and the corre- 
sponding formula in [Sza()5|. This is because there we considered the Higgs 
field as a 1-form valued endomorphism, and d(—z) = —dz. 

Proof — Starting with the parabolic Higgs bundle (£, 9) on P 1 , we wish to 
construct its transform. The first object we need to understand is the stan- 
dard spectral triple (W p , E P ,Q P ) of (£, 9). Remember that in Section [8] we 
constructed the spectral triple (Z P ,E P ,M P ) out of (£,#). First, because of 
the definition W p = P(0 pl © pl (P)), we see immediately that W p is 
naturally isomorphic to the surface Z p . Since £ is the direct image under 
7? : Z p — > P 1 of M p (— P) and 9 is that of multiplication by — x p , it follows 
also that S p = (-l) reZ S ? . Finally, by the results of HBNR89H (Proposition 3.6 
and Remark 3.7), we obtain Q p = (— l)* ei M p (P) as a sheaf. We know further- 
more that the parabolic structure of £ induces a parabolic structure on Q p . On 
the other hand, because M p has a parabolic structure, the above isomorphism 
makes Q p into a parabolic sheaf as well. These two parabolic structures on 
Q p agree: indeed, the parabolic structure of £ is the direct image of the one 
of M p , so the filtration comes from the restriction of M p to some branches of 
the spectral curve over the parabolic points of £, hence the two filtrations of 
Q p are the same; a similar argument works for the weights. 

The next ingredient in the construction is the analog of diagram (l34l) . The 
surface Z was obtained from Z p by blowing up the points t + of the 0-section 
mapping to P under n. Therefore, its analog W for W p is blow-up in the 
points T + of the 0-section of tt over P: clearly, this is the surface Z. Now, 
Z int was obtained from Z p by blowing up the points T~ in the intersection 
of the infinity-fiber of n and the spectral curve. Because of S p = (— l) rei E p , 
the intersection points of the infinity-fiber of 7? and the spectral curve S p are 
the points (— 1)*T~ of Z. It follows that (—1) induces a natural isomorphism 
between the absolute surface W int of (£,9) and Z mt ; hence, we will simply 
write W mt = (—l)l el Z mt . Notice that this surface has a projection to both 
projective lines P 1 and P 1 (although these projections are only rational, and 
not every fiber is a single line), and the map (— l) re ; above is induced by in- 
version on the fibers when it is considered as a fibration over P 1 . However, it 
is possible to interpret the same map as induced by inversion of the basis of 
the other fibration; we will simply write (—1) for this map in the sequel, for 
any fibration over P 1 . Therefore, W mt can equally be written as (—l)*Z mt . 
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We now come to an analog of Z: this surface was the blow-down in Z int of 
the proper transforms E~ of the fibers of n over the points P. Applying this 
to W mt we obtain the result W = (—1)*Z. Finally, arguments similar to the 
above yield that the analog of Z p for (£, 9) is W p = (-1)*Z P , that is the sur- 
face P(0 P i © (Dpi ((— 1)*P)). We deduce that the diagram <HU) corresponding 
to (£, 6) is 

(47) (-l)*Z int 




z? P i x pi (-iyz p 

The surface in the lower- left corner is the standard spectral surface of (£, 6), 
it has a projection to P 1 , and the transformed bundle is obtained by taking 
the proper transform of Q p in (—l)*Z mt with respect to fjf + o (— l)*p T _, 
deleting the exceptional divisor of rjf + from the parabolic divisor, adding the 
exceptional divisor of ( — 1)*77 T+ to the parabolic divisor, pushing down the 
result to (— 1)*Z P , then pushing down the result to P 1 by the projection map 
7r of (— 1)*Z P , and finally tensoringby (— 1)*P. 

We have seen that the sheaf Q p is isomorphic to (— l)* el M p (P). It follows 
from the property (rjf+ ° Pt-) # ° (Vf+ ° Pt-)* = ^ f° r P ure sheaves of 
dimension 1 on a smooth surface (see Lemma \5M . that (rjf+ o p T -)*Q p = 
(— l)*Addg+iV m *. To obtain the absolute spectral sheaf of (£, 6) we need to 
delete from the parabolic divisor of (— l)*Addg+ N mt the exceptional divisor 
E + of the blow-up map rjf + . We deduce from Proposition 16.21 that the ab- 
solute spectral sheaf of (£, ff) is (-l)*A m * on (-l)*Z int . The next step in 
the construction is to add the exceptional divisor (— 1)*E + of (— l)*ri T+ to the 
parabolic divisor of (— l)*N mt . By Proposition 18.11 Condition [T] for (£,#) 
implies Condition |3] for N int and E + . Again by Proposition 16 .21 addition and 
deletion of a divisor are inverses to each other under Condition |3] We obtain 
that 

Add ( _ 1) * E+ (-l)*iV irii = (-l)*(Add E+ A m *) = (-1)*%+ o p T .)*M p . 

We then consider the direct image of this parabolic sheaf with respect to 
the blow-up map (—l)*(rjf + o p T ): by Lemma 15^41 the direct image is 
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(-1)*M P . The push-down of this to P 1 by the pr ojection (-l)*vr of (-1)*Z P 
is (-1)*(£(P)) = ((-1)*£)((-1)*P), see (ITTTb . The final step is to tensor 
this sheaf by the inverse (in the divisor group) of the effective divisor corre- 
sponding to the parabolic set. Here this effective divisor is (— 1)*P, therefore 
tensoring ((— 1)*£)((— 1)*P) by its inverse, we get precisely (— 1)*£. This 

proves equality of the bundles £ and (— 1)*£. Clearly, the modifications of 
the sheaves involved so far transform the parabolic structure of M p into the 
parabolic structure of (— 1)* M p induced via pull-back by (—1) of the original 
structure of M p . Since the direct image by n of the parabolic structure of 
M p (— P) is the parabolic structure of £, we also see that the direct image by 
% of the parabolic structure of (— 1)*(M P (— P)) is the parabolic structure of 
(— 1)*£ induced by pull-back under (—1) from the parabolic structure of £. 

Finally, the canonical section X(_i)* P of (— 1)*Z P is (— l)*x P , where x P is the 

canonical section of Z p . By definition, the double transformed Higgs field 9 
is the direct image with respect to n of multiplication by — se(_i)* p . On the 
other hand,the Higgs field 9 is equal to the direct image of multiplication by 

x P . It follows that -9 = (-1)*0. 

□ 



11. The Map on Moduli Spaces 

In this section, we show that Nahm transform is a hyper-Kahler isometry 
of moduli spaces (Corollary II 1 ,4b . 

As it is shown in Theorem 0.2 of |BB04|, the moduli space of stable Higgs 
bundles of parabolic degree with fixed simultaneously diagonalizable polar 
parts of arbitrary order and fixed parabolic structures is a hyper-Kahler man- 
ifold: the two anticommuting complex structures J and / are by definition 
given by the local holomorphic variations of Higgs bundles and integrable 
connections respectively, and the Euclidean metric on the moduli space is de- 
fined as L 2 inner product of the harmonic representatives of tangent vectors. 
Let now M denote the moduli space of Higgs bundles on P 1 with logarith- 
mic singularities in the points of D with fixed equivalence class of polar parts 
©-© and fixed parabolic filtration © and weights oP k , and with an irregular 
singularity of rank one at infinity with fixed equivalence class of polar parts 
©-© and fixed parabolic structure with weights af, up to complex gauge 
transformations preserving the parabolic structures. 
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Lemma 11.1. — The complex dimension of the Zariski tangent space o/M 
in any point is 

n n 

2rr + 2 — r — r — '^^rk(res(9,pj)) 2 — rk(res(9, (,i)) 2 , 

3=1 1=1 

where the last two sums are taken for all logarithmic singularities of 9 and 9 
respectively. 

Remark 11.2. — This formula is in fact invariant under exchanging r with r 
and 9 with 9, as it should be because of invertibility of the transform. 

Proof. — The computation is done in [BY96| for the case of parabolic Higgs 
bundles of rank r with only logarithmic singularities on a curve of arbitrary 
genus g. In fact, the authors there fix the residues of the Higgs field to be 
block nilpotent, but the same proof works for any other fixed block-diagonal 
parts as well. The result obtained there is 

n 

(48) 2 {g-l)r 2 + 2 + Y,Vvv 

where 2f p . is the dimension of the adjoint orbit of res(9,pj) in g = g[(r, K) 
(see also the count of the dimension of the moduli space of parabolic vector 
bundles in [MS80|). We can understand this as coming from excision: the 
term 2(g — l)r 2 + 2 is the degree of fi 1 ® End(E) plus the constant 2 coming 
from global endomorphisms of £, and in the last sum we add up terms aris- 
ing in a neighborhood of each of the singular points. Explicitly, because we 
only consider deformations of the Higgs field whose residues in any singular 
point can be taken into the initial residue by a holomorphic change of basis, 
the residue of an infinitesimal deformation corresponding to a one-parameter 
family of such deformations has to be in the adjoint orbit of the residue of 9 
in g; the dimension of such choices for the residue in pj is by definition 2f Pj . 
In the case where irregular singularities occur, by the same excision argument 
we need to define the quantity 2f p in the last sum of d4*Sl as the dimension 
of the adjoint orbit of the polar part of the Higgs field in g ® K K[e]/(e™ p+1 ), 
where n p is the Poincare rank of the singularity in p. 

In our case, the only irregular singularity is infinity, of Poincare rank 1; 
let us compute the dimension of its orbit in g (g> K K[e]/ (e 2 ). For the sake of 
simplicity, we only do this in the special case n = 2; the generalization to 
higher n is immediate. So we suppose that at infinity the Higgs field can be 
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written in the block form 




) 



+ e 



Ai 
A 2 



) 



where Si = £ild for some 1 < a < r, S 2 = £ 2 Id r „ a , A 1 = diag(Af , . . . , A~), 
and A 2 = diag(A^ a , . . . , A£°) (see ©-©)• We also assume £i ^ £ 2 , and that 
all the \ f, . . . , A£° are nonzero and pairwise distinct, and the same condition 
for A^j_ a , . . . , A£°. Then the stabilizer of the adjoint action is by definition the 
block matrices 



which commute with d49l modulo e 2 . It is straightforward to check that this 
holds if and only if B = 0, C = 0, (3 = 0, 7 = and A and D are diagonal; 
under these assumptions, a and 5 can be arbitrary. Therefore, the dimension 
of the stabilizer of the polar form d4*9l is a + (r — a) + a 2 + (r — a) 2 , and 
so the dimension of its orbit is 2r 2 — r — a 2 — (r — a) 2 . For general n, the 
same argument gives for this dimension 2r 2 — r — Yl?=i( a i ~ a i-i) 2 - Now, as 
the transformed Higgs field 6 has residue of rank (a; — a/_i) in £j, this can be 
rewritten as 2r 2 — r — Ym=i rk(res(9, £,i)) 2 . 

Similarly, it is easy to check that under the assumptions made in ©, for all 
logarithmic singularity pj the formula 



Similarly to M, let M denote the moduli space of stable Higgs bundles 
of parabolic degree on P 1 with logarithmic singularities in the points of D 
with fixed equivalence class of polar parts and parabolic structures induced by 
the transform from the corresponding structures of (£, 9) at infinity, and with 
an irregular singularity of rank one with fixed equivalence class of polar parts 
and fixed parabolic structure induced by the transform from the corresponding 
structures of (£, 6) in the points of D - as explained in Section again up 
to complex gauge transformations preserving the parabolic structures. 



(50) 





holds, where r — r, is the rank of res(9,pj). Plugging these into d4*Sl and 
using © one obtains the dimension of the Zariski tangent as claimed. □ 
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Lemma 11.3. — Let (£., 9) be a Higgs bundle on P 1 satisfying Condition^} 
Then the parabolic degrees of £. and of its Nahm transform £. are the same. 
Furthermore, ?/(£., 9) is stable of degree 0, then the same is true for (£., 9). 

Proof. — The claim on parabolic degrees follows from Grothendieck- 
Riemann-Roch, as explained in Section 4.7 of [Sza05|. It is also possible to 
deduce it using the fact that under the Condition [T] all operations involved in 
passing from Ml to Ml preserve the parabolic Euler-characteristic. Indeed, 
by the parabolic Riemann-Roch theorem (Proposition 13.131 ) applied to the 
curve P 1 , one has par — x(£»( p + °°)) = ~ deg(£.) + r, or equivalently 
par — x(£.(-P)) = par — deg(£.). Of course, a similar relation holds for £. as 
well. Finally, we obtain the result using that par — %(£.(P)) = par — 
because n*Ml = £(P)., and the analogous statement for £.. 

Suppose now (£'., 9') is a parabolic Higgs subbundle of (£., 9). By Remark 
13.91 we may suppose that the parabolic structure of £'. is the structure induced 
by £.. By Lemma |6~T1 the standard spectral sheaf (M') p of £'. and the divisor 
E + also satisfy Condition|3l because (M') p is a parabolic subsheaf of Ml with 
the induced parabolic structure. By Lemma 15.121 proper transform preserves 
injective maps of sheaves. The same thing holds clearly for direct image by 
a blow-up map because it is the inverse of proper transform, and for addition 
and deletion, since on the level of sheaves these latter are simply tensoring 
operations. We conclude that (M') p is a parabolic subsheaf of Ml, hence 
(£'., 9') is a parabolic Higgs subbundle of (£., 0). On the other hand, by the 
first part of the Lemma, the parabolic degree of £,', is equal to that of £'.. In 
particular, the parabolic degree of £^ is positive if and only if the parabolic 
degree of £. is positive. In different terms, if par — deg(£.) = 0, then (£'., 9') 
is destabilizing for (£,,#) if and only if (8,'„9') is destabilizing for (£.,#). 
This proves preservation of stability. □ 

The lemma allows us to introduce the map 

(51) N : M — > M 

defined by mapping the gauge equivalence class of the Higgs bundle (£, 9) to 
the gauge equivalence class of the Higgs bundle (£, 9); by an easy adaptation 
of Lemma 1 of |Jar04| to the parabolic case over a curve, this map is well- 
defined. It is a bijective map between hyper- Kahler manifolds. We have the 
following result. 

Corollary 11.4. — The map is a hyper- Kahler isometry. 
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Proof. — By Theorem 110.21 the map N is invertible. For the fact that N 
preserves the L 2 -metric, we refer to |BvB89|: the computations there carry 
through to this case, because they only make use of the invertibility of the 
transform and general properties of the Green's operator that are satisfied in 
this case as well. 

Therefore, all that remains is to check that it preserves the complex struc- 
tures / and J. Let us start with J: by Proposition 4.15 and equation (4.14) of 
HSza OSI. the restriction of the holomorphic bundle £ to the affine C is the first 

Q 

hypercohomology H 1 (£ — > ^(P)), together with the holomorphic structure 
induced by the trivial holomorphic structure of 3"(P) relative to P 1 . (Notice 
that what we called J in [ Sza05 1 is called ^(P) in the present paper.) Further- 
more, by the extension [Sza05|, (4.35) of this holomorphic bundle to infinity, 
we have the following isomorphism of holomorphic bundles over P 1 : 



where the right-hand side is endowed with the holomorphic structure induced 
from the holomorphic structure of the sheaf ^(P) ® Opi(l) relative to P 1 . 
Let now T be an open set in an affine complex line, and (£,(t),9(t)) with 
t E T be a local 1 -parameter holomorphic family of Higgs bundles with fixed 
singularity data. The transform maps each Higgs bundle in this family to a 
Higgs bundle (£(t), 0(t)); we need to show that this is a holomorphic family 
of Higgs bundles on P 1 over T. Because of equation (l52l) . the induced exten- 
sions of the £ vary holomorphically over T: indeed, the sheaves £(t) and ^(t) 
depend holomorphically on t, as well as the map yo9(t) — x , and the first hy- 
percohomology spaces of a holomorphic family of sheaf complexes such that 
all the other hypercohomologies vanish, form again a holomorphic family. 
This implies that the bundles £ depend holomorphically on t as well, because 
the parabolic structures are fixed, and in order to obtain the transformed ex- 
tensions from the induced ones we only need to change the local holomorphic 
sections with non-zero weights, so this procedure does not depend on t at all. 

On the other hand, by Theorem 18.51 the map 9(t) is the direct image by 
7? (t) of multiplication by — x F ; here 7?(t) is the projection map from £ p (t) to 
P 1 . Now, since 0(t) varies holomorphically with t, it follows that so does the 
standard spectral curve £ p (t) corresponding to (£(t), 0(t)). Since the eigen- 
values of the residues of 9{t) are fixed, the elementary transformations of the 
construction are performed at points that are independent of t. We deduce that 



(52) 
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the spectral curve S p (t) and in particular the projection n(t) depend holomor- 
phically on t as well. Since 6{t) is the direct image of multiplication by a 
coordinate that does not depend on t, with respect to a projection depending 
holomorphically on t, the resulting map depends also holomorphically on t. 
This proves that N preserves the complex structure J. 

We now come to the case of the complex structure /: it can be treated in 
a very much similar way as J. Namely, in [Sza| the second author proves 
that the Nahm transform of a holomorphic bundle with integrable connection 
(E, V) can also be given a holomorphic interpretation: by Proposition 5.1 of 
loc. cit., the holomorphic bundle E on the open affine C is the first hyperco- 

homology H 1 (£' — ^ F), where = V — £dz and F is the sheaf generated 
by E and the image of V; and by Proposition 5.3 of loc. cit., the transformed 
integrable connection V is induced by the connection d — zd£ relative to P 1 
on F. The rest of the argument follows the line of the case of the complex 
structure J. □ 
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